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PREFACE 

IT  is  the  purpose  of  this  work  to  present  a  new  analysis  of  Plane 
Geometry.  We  know  that  any  geometrical  theorem  may  be 
expressed  as  a  relation  in  points.  We  may  however  look  upon 
Plane  Co-ordinate  Geometry  as  having  points  and  lines  for  its 
fundamental  elements;  in  relations  of  which  geometrical  theorems 
are  going  to  be  expressed.  Thus  the  equation  y  =  mx  +  c  may  be 
looked  upon  as  a  line  of  co-ordinates  (wi,  c).  It  is  this  view  that 
we  shall  adopt.  Now  let  us  denote  points  by  small  Latin  letters 
and  lines  by  small  Greek  letters.  Let  a,b,c...l  be  a  set  of 
points;  a,  ^,  y  ...X  a  set  of  lines.  Let  us  denote  the  joins  and 
intersections  of  two  points  and  two  lines  respectively  by  drawing 
a  bar  over  them,  thus  ab,  a/3.  Also  let  us  denote  the  distance  of 
two  points  a,  b  by  (ab) ;  the  perpendicular  distance  from  a  on  ^ 
by  ((tyS);  the  angle  between  a,  ^  by  (a/3).  Let  us  use  the  term 
'  measure '  to  include  the  three  cases.  Let  us  use  the  notation 
(*'«;  Va)  to  denote  the  co-ordinates  of  a  and  (^a,  ^a)  to  denote  the 
co-ordinates  of  a. 

Then  what  Co-ordinate  Geometry  effects  is  the  reduction  of 
expressions  such  as 


{abyS...ef\h/j,...)     (A) 

to  a  function  of  (^«,  .y^),  {xj,,  y^)  . . .  (^„ ,  7?a)  •  •  •  • 
Now  let  p,  a  be  the  Cartesian  axes,  then 

*'«  =  («/'),  2/a  =  ("<^)' 
and  we  may  put 

i.e.  the  perpendicular  from  the  origin  on  a. 
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Hence  such  an  expression  as  (A)  is  reduced  to  a  function  of 
measures  of  the  elements  occurring  taken  singly  with  the 
reference  axes. 

This  idea  I  have  generalized  and  have  reduced  the  expression 
to  measures  of  the  elements  taken  in  pairs.  On  p.  109  is  an 
important  result  which  I  regret  does  not  appear  with  Chapter  I  | 
(it  should  be  read  between  §§  20,  21),  which  states  that  the  square 
of  distances,  that  perpendicular  distances  and  the  sine  and  cosine 
of  angles  are  reducible  to  the  quotient  of  two  polynomials  in 

(1)  moduli  of  measures  of  two  points,  Ex.  ]  (ab)\, 

(2)  measures  of  a  point  and  line,  Ex.  («/3), 

(3)  sines  of  measures  of  two  lines,  Ex.  sin  {a/3), 

(4)  cosines  of  measures  of  two  lines,  Ex.  cos(a^), 

(5)  measures  of  the  join  of  two  points  and  a  point,  Ex.  (abc), 

(6)  measures  of  the  intersection  of  two  lines  and  a  line, 

Ex.  («^7). 

(7)  cosines  of  the  join  of  two  points  and  a  line,  Ex.  cos  (aby). 

Cases  (5)  and  (7)  are  reduced  in  surd  form  and  (6)  by  means 
of  a  point  to  measures  of  two  elements.  Thus  we  do  away  with 
the  idea  of  reference  elements. 

But  this  brings  us  to  another  matter.  We  know  that  taking 
four  arbitrary  points,  there  is  a  relation  between  the  six  pairs  of 
measures  of  two  elements.  We  have  also  such  relations  in  the 
case  of  three  points  and  a  line,  two  points  and  two  lines  and  in 
the  case  of  three  lines.  We  have  called  such  relations  eliminants, 
being  eliminants  of  relative  position.  Suppose  we  have  reduced 
all  our  complex  measures  and  noted  all  our  eliminants.  The 
matter  of  proving  a  relation  between  the  complex  measures 
reduces  to  proving  the  i elation  between  their  reductions  with  the 
help  of  the  eliminants. 

Again,  a  point  may  be  got  from  another  point  by  a  vectorial 
construction.  We  have  denoted  by  a„,p  the  point  distant  p  from 
a  and  measured  in  the  direction  of  <w.  We  include  such  derived 
points  in  our  consideration.  To  do  this  formally  we  take  the 
point  of  general  form  «u,„pi;<.2,P2...u,„,p„  denoting  the  point  derived 
bv   a   succession   of   such  constructions.     For   the   corresponding 


PREFACE  VU 


line  we  take  aa.,,p,;<02,P2  •  "»,pn;<«'  denoting  the  line  parallel  to  &>  and 
passing  through  «u,„pi;-2,p2...-„,p„- 

Now  take  any  complex  measure  containing  such  vectorially 
derived  elements.     Thus 


This  as  we  have  seen  is  reducible  to  a  function  of  measures  of 
pairs  of  fundamental  elements  and  vectorially  derived  elements. 

In  Chapter  II  we  have  reduced 

(a'hy,{a'$),  where  a'  =  o<.„p,;<.2,P2...-n,P«. 


(a'b),-  (a'yS),  where   a'  = 


a. 


<"l.Pi;"'2.P2-<"n>Pn;  <"' 


to  functions  of  measures  of  pairs  of  fundamental  elements  and 
p^,p2...pn',  including  coj,  0)2...  &>„  in  the  fundamental  elements. 

Hence  we  can  reduce  any  complex  measure  as  above  to  a 
function  of  measures  of  pairs  of  fundamental  elements  and  the 
magnitudes  occurring  in  the  vectors. 

We  shall  consider  yet  another  class  of  derived  elements. 
These  are  elements  derived  from  the  fundamental  elements  by 
an  equation.  Thus  from  the  lines  a.i,(Xo...an  we  have  the 
derived   line   2a;.(a;a,.)  +  a  =  0. 

Again  from  the  points  a-^,  cu...an  and  lines  /3i, /Sg ... /3m  we 
have  the  derived  point 

S^,(|a,)  +  S5,cos(|/3,)  =  0, 
where  A^,  A.^  ...  An,  B^,  B.2...  B^  are  algebraic  magnitudes. 

In  Chapter  III  it  is  shewn  that  these  can  be, treated  in  a 
similar  way  to  that  indicated  for  vectorially  derived  elements. 

Thus  if  our  Geometry  comprise  only  elements  derived  from 
fundamental  elements  by  (i)  intersections  and  joins,  (ii)  by 
vectorial  constructions,  (iii)  by  equational  relations,  we  can  reduce 
any  measure  of  such  elements  to  a  function  of  measures  of  two 
elements  and  algebraic  magnitudes.  We  note  the  eliminants. 
We  may  also  have  imposed  relations  stated  in  the  particular 
problem.  With  these  conditions  we  must  prove  relations  between 
certain  measures.  This  is  a  complete  statement  of  our  problem. 
We  have  thus  stated  our  problem  as  a  matter  of  reductional 
computation. 
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The  method  devised  for  Differential  Geometry  is  of  a  similar 
character. 

Let  X  be  a  moving  point  and  let  x'  be  its  consecutive  position. 
This  displacement  of  a;  we  shall  define  by  its  direction  of  displace- 
ment and  the  amount  of  its  displacement:  or  in  our  notation  xx 
and  |(^«')i-  Ws  denote  xx'  by  the  operative  notation  tx  and 
I  (««')!  by  hx. 

Similarly  let  ^  be  a  moving  line  and  f  a  consecutive  position. 
The  point  of  intersection  ff  we  shall  denote  by  the  operative 
notation  p^  and  the  amount  of  angular  displacement  (^f)  by  S^. 

We  shall  first  consider  Differential  Geometry  of  one  displace- 
ment. Any  problem  dealing  with  such  Geometry  may  be  reduced 
to  the  consideration  of  such  a  measure  as 


(pabcrlar  (xa^)  =  0  ... pXpi_,,^Jc rx^...), 
and  the  differential  of  any  complex  measure  or  element. 

The  method  of  reducing  such  an  expression  is  developed  in 
Chapters  IV — VIII.  By  means  of  the  principle  thus  set  forth 
we  are  enabled  to  reduce  such  a  measure  to  measures  of  the 
fundamental  elements  and  elements  of  displacement  ra,  rb..., 
pa,  p^  ...  and  the  amount  of  their  displacement.  We  may  look 
upon  T«,  rh...,  pa,p^...  as  fundamental  elements.  We  take 
note  of  the  eliminants  of  all  our  fundamental  elements  and  these 
elements  of  displacement.  The  magnitude  of  the  displacement 
of  each  element  we  must  look  upon  simply  as  small  algebraic 
quantities.  Should  there  be  any  imposed  conditions  we  have 
these  and  also  their  first  derivatives.  Our  problem  is  then  com- 
pletely stated  and  set  forth  as  a  matter  of  reductional  compu- 
tation. 

We  next  come  to  the  matter  of  elements  of  displacement  of 
elements  of  displacement,  such  as  pvx  when  vx  is  the  line  through 
X  perpendicular  to  tx.  We  suppose  all  the  fundamental  elements 
that  are  variable  to  trace  continuous  curves  and  in  Chapter  VIII 
we  have  shewn  how  to  reduce  such  to  elements  and  differentials 
of  first  displacements  and  the  curvature  of  the  curve  at  the 
elements. 

We  next  consider  elements  of  displacement  of  elements  of 
displacement    of    elements    of    displacement    and    so    on.     All 
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quantities  which  depend  only  on  the  curve  traced  by  a  variable 
point  we  shall  call  intrinsic  functions  of  the  point.  In  Chapter 
VIII  it  is  shewn  that  such  are  reducible  to  elements  of  a  single 
displacement  and  intrinsic  functions  of  the  curve. 

Thus  any  such  measure  as 


(pv^'^ahyd  ...  j/" 2 ttr (xa,)  =  0  ...  x^) 

is  reducible  to  measures  of  fundamental  elements  and  elements  of 
displacement  of  these  elements  and  intrinsic  functions  of  these 
elements.  We  also  need  the  differentials  of  such  measures  and 
such  derived  elements  as 


2Jv'^abyd  ...  v"Sar{j:a,)  =  0. 

These  problems  are  the  most  general  problems  of  Differential 
Geometry.  The  last  chapter  is  a  chapter  on  Integration  adopting 
these  ideas. 

In  the  Miscellaneous  Examples  I  have  endeavoured  to  illus- 
trate the  method.  As  the  present  woi'k  is  intended  as  a 
presentation  of  method,  I  have  not  tried  to  make  the  examples 
exhaustive  of  well-known  properties.  The  large  modern  theory 
of  singularities  of  curves  I  have  not  considered  at  all. 

I  must  apologise  for  the  rather  amateurish  manner  of  the  state- 
ment of  the  axioms,  which  are  ticketed  with  large  Roman  numerals. 
These  are  the  axioms  which  form  the  basis  of  the  symbolic 
procedure  of  the  text.  This  method  must  not  be  worked  out 
by  using  a  figure.  The  result  is  generally  a  hopeless  quandary 
of  sign.  It  must  be  worked  directly  from  the  axioms  and  deduc- 
tions after  having  translated  the  conditions  of  the  figure  into  a 
statement  in  symbols.  As  will  be  seen,  no  more  than  these 
axioms  are  required  so  far  as  the  domain  defined  is  concerned. 
The  axioms  may  be  divided  into  two  main  classes  from  a  natural 
standpoint,  axioms  of  actual  properties  and  axioms  of  convention. 
The  latter  have  from  time  to  time  been  given  by  successive 
writers  for  the  purpose  of  comprehending  many  cases  in  one 
though  I  believe  they  appear  in  a  connected  form  for  the  first 
time  here.  There  are  two  main  points  in  regard  to  a  system  of 
axioms.     The  first  is  that  they  should  be  sufficient,  the  second 
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that  they  should  be  consistent.  The  proof  that  they  are  con- 
sistent I  have  not  attempted.  The  fact  that  they  have  not  yet 
yielded  a  contradiction  is  a  powerful  argument  of  their  consist- 
ence. 

Axioms  (XV),  (XVIII)  have  been  proved  visually.  But  no 
doubt  with  a  few  more  fundamental  axioms  of  superposition  and 
o)ientation,  these  could  be  deduced. 

There  are  two  main  ways  of  considering  Geometry.  One  is  by 
sight  or  figure.  The  other  is  by  a  symbolic  representation  of  the 
figure.  The  former  method  I  shall  call  the  Visual  method:  the 
latter  the  Symbolic  method. 

Visual  Geometry,  as  it  is  known,  is  of  a  synthetic  or  transfor- 
mational character  but  there  is  no  reason  why  it  should  not  be 
analytic  or  reductional.  A  few  cases  can  be  cited  in  which  a 
theorem  in  Visual  Geometry  is  worked  out  by  a  reductional 
process.  The  conditions  of  the  problem  may  be  represented  by 
certain  magnitudes  determined  by  the  problems,  such  as  areas, 
distances:  and  what  is  to  be  proved  is  also  a  relation  between 
the  same  magnitudes.  The  working  after  this  is  a  matter  of 
reductional  computation. 

As  an  alternative  method  to  the  Visual  method  we  have  the 
Symbolic  method.  As  a  rule  the  method  of  Symbolic  Geometry 
is  of  a  reductional  character. 

The  method  of  the  text  belongs  to  the  Symbolic  method. 
In  some  cases,  however,  the  process  is  easily  visualised  and 
coincides  with  the  treatment  of  Visual  Geometry. 

As  regards  its  accomplishments,  the  method  of  Visual 
Geometry  manifests  unexpected  power,  a  power  which,  however, 
is  not  sustained.  An  illustration  of  this  power  is  afforded  by 
Hart's  proof  of  Steiner's  construction  of  Malfatti's  problem. 

The  Symbolic  method  is  characterized  by  its  complete  grasp 
of  the  problem  :  compared  with  the  method  of  Visual  Geometry 
it  lacks  the  power  of  its  transformations. 

The  method  of  the  text  has  an  advantage  over  Co-ordinate 
Geometry  in  the  matter  of  sign.  The  method  of  the  text  gives  a 
more  automatic  account  of  sign  than  does  Co-ordinate  Geometry, 
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as  the  text  will  I  think  shew.  In  a  Cartesian  system,  a  line  is 
represented  by  an  equation.  Now  an  equation  gives  no  'sense'  to  a 
line  which  I  think  explains  this  deficiency.  Casey  has  given  a 
convention  which  applies  to  Co-ordinate  Geometry  which  states 
that  the  perpendicular  from  a  point  on  a  line  is  positive  or 
negative  according  as  it  is  on  the  same  or  opposite  side  of  the 
origin,  but  it  does  not  seem  to  have  been  developed  in  conjunction 
with  others. 

I  have  been  engaged  on  the  present  work  for  the  last  three 
years.  I  claim  the  method  as  original.  There  are  some  theorems 
which  are  original,  and  most  of  the  general  results  in  the 
examples  I  believe  are  new.  The  new  treatment  of  the  trigono- 
metric functions  is  original  and  necessary  for  the  purpose. 

We  notice  here  the  almost  identity  in  symbol  between  the 
method  of  Grassmann  and  that  of  the  text,  in  the  case  of 
Geometry  of  Position.  The  theorems  and  proofs  on  cubic  curves 
in  the  Miscellaneous  Examples  have  been  adapted  directly  from 
Grassmann's  theorems  and  proofs  as  given  in  Whitehead's  Universal 
Algebra.  I  was  not  aware  of  the  method  of  Grassmann  before 
I  discovered  the  method  of  the  text,  though  I  was  aware  of  a 
similar  method  which  the  Algebra  of  Invariants  affords. 

Not  many  cases  of  a  general  transformation  have  occurred. 
One  of  the  best  is  Example  12,  §  28.  Most  of  the  Examples 
given  on  parallique  and  orthologique  pairs  of  triangles  are 
readily   proved   from   this. 

I  have  laboured  to  eliminate  errors  of  detail,  but  no  doubt  in 
a  new  work  like  this  there  are  some  still  remaining. 

The  notation  I  hope  will  meet  with  approval.  My  aim  has 
been  to  make  it  unambiguous,  easily  written  and  as  short  as 
possible.  The  notation  of  putting  r  before  oo  for  the  direction  of 
displacement  of  cc  is  ambiguous  unless  we  agree  to  reserve  r 
for  this  special  purpose. 

In  the  Appendix  I  have  given  four  cases  of  reduction  of  pro- 
ducts of  measures.  Each  is  such  that,  though  a  component 
measure  is  reducible  only  by  radicals,  owing  to  the  eliminants 
the  product  can  be  expressed  without  radicals. 
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T.    G. 


INTEODUCTION 

§1,  Definitions:  (1)  The  elementary  concepts  of  plane 
Geometry  are  points  and  lines.  We  shall  refer  to  them  as 
elements. 

(2)  That  a  line  passes  through  a  point  we  shall  also  express 
by  saying  that  the  line  is  incident*  in  the  point,  or  the  point  is 
incident  in  the  line. 

(8)  The  determinate  of  two  elements  of  like  kind  is  the  element 
which  is  incident  in  botii  these  elements.  Thus  the  determinate 
of  two  points  is  the  line  joining  them,  and  the  determinate  of  two 
lines  is  their  point  of  intersection. 

(4)  The  measure  of  two  elements  is  a  certain  quantity  deter- 
mined by  these  elements,  expressing  the  relation  of  one  in  regard 
to  the  other.  The  measure  of  two  points  is  the  distance  between 
them.  The  measure  of  a  point  and  a  line  is  the  perpendicular 
distance  between  the  point  and  line.  The  measure  of  two  lines 
is  the  angle  between  them. 

The  question  of  the  sign  of  measures  is  fundamental. 

§  2.  Notation.  Points  will  be  denoted  exclusively  by  small 
Latin  letters  a,  b,  c  ...  x,  y,  z:  lines  by  small  Greek  letters 
a,  /3,  7  . . .  «. 

The  determinate  of  two  elements  will  be  denoted  by  writing 
them  side  by  side  and  drawing  a  bar  over  the  two.  Thus  the 
determinate  of  a  point  a,  and  a  point  h  will  be  denoted  by  ah. 
The  determinate  of  a  line  a  and  a  line  /3  by  a^. 

The  measure  of  two  elements  will  be  denoted  by  writing  them 
side  by  side  and   enclosing   them   in   small  brackets.     Thus  the 
measure  of  a  point  a  and  a  line  h  is  written  (a6).     The  measure 
of  a  point  a  and  a  line  ^  is  written  (a/8),  and  of  two  lines  (a/3). 
*  See  Whitehead's  Axioms  of  Geometry. 
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Vector  will  be  used  in  the  ordinary  sense.  A  vector  will  be 
denoted  by  a  small  Greek  letter  with  an  acute  accent.  Thus  p 
will  denote  a  vector.  The  direction  of  the  vector  will  be  denoted 
by  p  and  the  magnitude  by  p  with  a  circumflex  accent,  thus  p. 

The  letters  p,  v,  r  will  be  used  for  certain  special  purposes. 

§  3.  A  point  may  be  derived  from  given  elements  in  the 
following  three  ways : 

(i)  by  a  scheme  of  determinates  only.  This  is  the  way 
points  are  obtained  from  other  elements  in  Descriptive  Geometry. 
Thus  aby  gives  a  new  point,  namely  the  intersection  of  the  line 
ab  with  the  line  y. 

(ii)  by  a  scheme  of  vectors.  Thus 
if  p  denote  a  vector  and  a  a  point,  we 
get  another  point  tip.  This  denotes  the 
point  distant  p  from  a,  measured  in 
the  direction  of  p. 

(iii)  by  an  equation,  as  is  done  in  co-ordinate  Geometry. 
Thus  if  rti,  a2...an  be  n  points,  and  ^  a  variable  line,  and 
Ai,  A^...  An  algebraic  magnitudes,  the  equation  SAr(^ar)  =  0 
denotes  a  point ;  meaning  that  any  line  which  satisfies  the 
equation  passes  through  a  fixed  point. 

There  are  other  ways  of  getting  new  points,  as  by  the  rolling 
of  one  curve  upon  another ;  but  the  above  three  are  the  onl}^ 
ones  we  shall  consider. 

Again,  a  new  line  may  be  derived  from  a  set  of  points  and 
lines  in  three  corresponding  ways : 

(i)     by  a  scheme  of  determinates. 

(ii)  by  a  scheme  of  vectors  and  direction.  Thus  if  a  is 
a  point  and  p  a  direction,  Up  is  the  straight  line  through  a,  with 
direction  p. 

(iii)  by  an  equation.  If  a^,  a.,  ...  a,,^  be  u  lines  and  x  a 
variable  point,  and  cii,  ao ...  an  algebraic  quantities,  the  equation 
Sa,.  (ica,.)  =  0  denotes  a  line, 

§  4,  In  the  present  theory  a  geometrical  property  depends 
on  an  equation  in  measures.  Now  the  proof  that  one  measure 
equals  one  or  more  other  measures,  may  be  effected  by  reducing 
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all  the  measures  to  measures  of  two  elements.  Also  vre  have, 
with  one  exception,  for  an}'  four  unrelated  elements,  a  relation 
betAveen  the  measures  of  the  six  possible  pairs.  The  proof  after 
this  is  a  matter  of  algebra.  However  it  is  not  necessary 
always  to  reduce  the  measures.  It  would  suffice  if  we  could 
so  ti'ansform  the  measures,  without  actual  reduction,  so  as  to 
shew  their  equality.  The  former  method  oi  reduction  corresponds 
to  Analytical  Geometry ;  the  latter  method  of  transformation 
corresponds  to  Synthetic  Geometry. 

In  the  text  the  method  of  reduction  is  used  uniformly.  Our 
object  will  be  then  to  classify  measures  and  give  a  calculus  for 
their  reduction.  It  will  be  seen  that  the  formulae  of  Co-ordinate 
Geometry  depend  for  their  use  on  the  fact  that  they  enable  one 
to  reduce  measures.  Instead  of  these  formulae,  we  have  given 
the  actual  reduction  of  such  measures  as  are  necessary,  and  give 
a  definite  method  for  the  reduction  of  more  complex  ones  from 
these. 

§  5.     Sketch  of  Method. 

The  measures  of  two  elements  are  fundamental.  They  are 
three  in  number. 

The  measures  containing  three  elements,  we  shall  call  measures 
of  the  third  order.  These  are,  with  one  exception,  reducible,  that 
is  to  say,  they  can  be  reduced  to  algebraic  or  trigonometric 
functions  of  the  measures  of  two  elements. 

The  measures  of  two  elements  are  {xy),  {xtj),  (^t?)  where  x,  y 
are  points  and  |,  rj  lines. 

The  order  of  a  function  of  several  measures  we  define  as  equal 
to  the  greatest  number  of  elements  occurring  in  any  component 
measure  of  the  function:  thus  \{xy)\{xyz)  is  a  measure  of  the 
third  order;  here  j  {xy)    denotes  as  usual  the  modulus  of  {xy). 

It  is  to  be  remarked  that  the  order  of  a  measure  so  defined 
only  applies  in  the  case  where  no  two  of  the  elements  are  identical. 

A  measure  of  three  lines  is  not  reducible.  However  with  the 
introduction  of  an  arbitrary  point,  it  can  be  reduced. 

All  measures  of  the  fourth  order  are  reducible.  Hence  all 
measures  containing  three  or  more  elements  are  reducible. 
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So  far  we  have  only  dealt  with  simple  points  and  lines.  We 
have  next  to  consider  the  two  other  classes  of  elements  stated  in 
§  3.     These  we  shall  call 

(i)  the  general  vectorial  point  and  line. 

(ii)  the  general  equational  point  and  line. 

We  shall  consider  first  the  general  vectorial  elements. 

The  general  vectorial  point  is 
«p.7...ui-  This  denotes  the  point 
derived  from  a  by  a  series  of  vec- 
tors p,  o-  ...  CO,  as  figured. 

The  general  vectorial  line  is  denoted  by  ap^-..^^  where  a^„  4^ 
means  the  line  parallel  to  00  and  passing  through  the  point  ap^,,,^,. 

As  regards  the  reduction  of  measures  of  these  vectorial 
elements,  we  need  only  find  the  values  of  the  measures  of  two 
elements,  which  are 

(Opcr..,4>6)-,   (ap^,„4l3), 

Having  found  the  reduction  of  these  we  can,  by  the  formulae 
for  the  reduction  of  measures  of  simple  elements,  reduce  the 
measures  of  simple  and  vectorial  elements. 

We  proceed  in  an  exactly  similar  manner  in  regard  to  the 
reduction  of  measures  of  equational  elements.  In  other  words 
we  have  a  calculus  for  the  reduction  of  measures. 

We  have  so  far  considered  the  geometry  of  finite  concepts 
only. 

I  6.  We  next  indicate  the  ideas  upon  which  differential 
geometry  is  built. 

We  proceed  as  follows  : 

Let  X  be  a  point,  cc'  another  point  near  x.  We  write  dx  for 
the  small  quantity  \(xx')\  and  tx  for  xx'. 

Again,  if  ^  be  a  line,  and  ^'  another  line  near  ^,  we  write  d^ 
for  the  small  angle  (^f),  and  j)^  for  the  point  of  intersection  ^^'. 

With  these  definitions  we  proceed  to  the  differentiation  of 
measures. 
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Thus  we  consider  the  values  of 

d\{osa)\      d{cca.)      d(^a)      d{^a.) 
dx      '      dx     '      d^    '      d^ 

We  define,  for  instance,  — ^ — ^=Limit  when^'  tends  to  identity 

with  X,  of  the  expression 

{x'a}  —  {xol) 

I  {xx)  I 

It  will  be  found  that  having  differentiated  the  measures  con- 
taining two  elements,  all  the  measures  of  more  elements  may  be 
differentiated  by  a  definite  method,  independent  of  the  method  of 
limits. 

We  next  require  the  differentiation  of  determinates.  It  will 
be  found  that  the  differentiation  of  determinates  may  be  reduced 
to  the  differentiation  of  measures. 

The  definition  of  the  differential  of  a  determinate,  say  xa,  is 


d 


xa 


(oca  7*  Oi 
=  Limit  when  x  tends  to  identity  with  x  of  — -^ — j-^ 


dx  I  {xx')  I 

We  consider  next  vectorial  elements.  First,  we  require  the 
differentials  of  ap^,,_^  and  «pd-...ui0.  Having  found  these  we  may 
find  the  values  of  the  differentials  of  measures  and  determinates  of 
vectorial  elements.     The  same  holds  for  equational  elements. 

These  are  all  the  formulae  we  require,  and  knowing  these  we 
may  differentiate  the  most  general  measure  and  determinate. 
At  the  same  time  we  may  reduce  measures  containing  the  differ- 
ential signs  p;  v,  r. 


CHAPTER   I 

FUNDAMENTALS   OF   THE   GEOMETRY   OF   TWO,   THREE 
AND   FOUR   ELEMENTS 

§  7.     The  measures  containing  two  elements  are 

(ab),  (a/3),  (a/3). 

We  suppose  a  line  has  "  sense  "  as  well  as  position.  If  a  be  a 
line,  a  will  be  used  to  denote  the  line  with  same  position,  but  with 
reversed  sense. 

We  give  a  set  of  axioms,  which  we  state  as  we  require  them. 

As  regards  the  interchange  of  elements  we  have 

(ba)  =  -{ah) (I), 

(/3a)  =  (a/3)  (II), 

(^Oi)  =  -{a^) (III). 

We  have  also  the  following  axioms. 

If  a,  b,  c  are  three  points  incident  in  a  line, 

{bc)  +  {ca)+{ab)  =  0 (IV). 

The  measure  (aa)  is  independent  of  a  and  equal  to  a  constant 

positive  quantity  tt     (V). 

a,  /3,  7  being  three  lines 

(y37)  +  (7a)  +  («/3)  =  27r (VI). 

Corollary.  (a^)  =  (a^)  +  tt. 

For  (a^)  +  i^^)  +  (/3a)  =  27r, 

.-.  (a/9)  =  7r  +  (a/3). 
We  have  the  following  axiom  for  point  and  line, 

(a^)  =  -(ay3)   (VII). 

Further  we  shall  suppose  (a/3)  is  positive  when  the  sense  of  /3 
in  regard  to  a  is  counter-clockwise  ;  and  negative  when  clockwise. 
As  regards  determinates  we  have  the  following  : 

h^^ab  (VIII), 

^ci  =  cc^     (IX), 

a§  =  ^    (X), 
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If  (ac)  =  0,  then  a;yc  =  aora    (XI). 


If(a7)  =  0,  then  ah-/=a  (XII). 

If  a,  b,  c,  d  be  four  points  incident  in  a  line,  and  such  that 

ab  =  cd,  then  )^-r-  is  positive    (XIII). 

{cd) 

§  8.     Geometry  of  tiuo  points  and  a  line,  a,  b,  7.     Definition  of 
the  sine  function. 

We  shall  assume  that  the  expression 

(cvy)-{bry) 

^{ab)'                       _ 
depends  onl}*  on  the  line  7  and  the  determinate  ab   (XIV). 

We  may  therefore  write  it  as   a   function   of  (aby).     This 
function  is  the  sine  function.     We  have  accordingl}^ 

•    /I;    \      («7) - (^7) 

sin  (a07)  =  — ,  .   , .  .-^  • 

^      '-^  \{ao)\ 

—          (by)  —  (f'7)  — 

Gorollarij.         sin  (6a 7)  =      ',     ,. =  -  sin  (at) 7). 

\\(10) 

Hence  if  a,  /3  be  two  lines 

sin(a,/3)  =  —  sin  (a/3). 

1  •    f7J-\      (tt7)  -  (^7)         («-7)  -  ih) 

also  sin  (007)  =  —  ,  ,,  —  =  - — ,   ,.| 

=  —  sin  (aby). 
.-.  sin (a^)  =  — sin  (a/3). 
.-.  sin  {(0/3)  +  TT;  =  —  sin  (a/3). 

Again,  let  a,  /3  be  two  lines.     Let  0  =  a/3,  and  let  a,  b  be  two 
points  incident  in  a,  /3  respec- 
tively, such  that 

\(oa)=\{qb)\, 
and  od  =  a,   ob  =  ^. 

Then  sin  (a/3)  =  sin  (~6d/3) 

(»/3) 
J(oa)|' 

and  sin  (y3a)  =  sin  (  06  a) 

=  _  (^ 

i(o6)r 
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Now  from  symmetry  it  is  clear  that  a  bears  the  same  relation 
to  yS  as  6  does  to  a;  with  the  exception  that  the  sense  of  a  in 
regard  to  &  is  opposite  to  the  sense  of  ^  in  regard  to  a.  Hence 
(a^)  =  -  {ha). 

Hence  sin  (/Sa)  =  —  sin  (a/3), 

or  sin  {- (a/3)|  =  -  sin  (a/3)  (XV). 

We  now  proceed  to  tne  Geometry  of  three  and  four  elements. 
We  shall  first  consider  such  geometry  as  involves  only  algebraic 
and  sine  functions ;  considering  afterwards  properties  involving 
the  cosine  function  as  well. 

§  9.     Geometry  of  three  points  a,  b,  c. 

We  write  (abc)*  for  .{ab)\(abc). 

Hence     (bac)=  i(6a)i  (bac)  =  —  {ab)\  (abc)  =  -  (abc). 

To  find  the  value  of  (cab)  we  have 

.    ,-j-— X      (auc)-(hac),     ^         . 

sin  ( ab  ac )  =  ^ ,,   ,, by  <S  8 

^  ^  l(a6)|  -^  ^ 

_      (hoc)  _      (acb) 
\(ab)\  ~  ~  \(ab)\ 

_         (acb) 

'(ab)(ac)\ ' 

similarly  sm  ( acab)  =  —  ,t-'-,\  /  m  • 

!(«^)(«c)| 

Now  sin  (aca6)  =  —  sin  (a6  oc), 

.".  (acb)  =  —  (abc), 

:.  (cab)  =  (abc). 

Hence         (abc)  =  (bca)  =  (cab) 

=  —  (bac)  ^  —  (cba)  =  —  (acb), 

also  (abc)  =  i(ca) (ab)\  sin  (caab) 

=  i(ab)  (be)'  sin  (ab  be) 

=    (be) (ca)  1  sin  (bccd). 

sin  (ca  ab)      sin  ( ab  be)      sin  ( be  cd)       1 


Corollary. 


\(bc)\  \(ea)\  \(ab)\  2R 


*  {abc)  as  thus  defined  is  equal  to  twice  the  area  of  the  triangle  formed  by  the 
points. 
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We  shall   call  (ahc)   the   standard   measure    of  three    points. 
R  is  called  the  circum-radius  of  the  triangle. 

§  10.     Geometry  of  three  lines  a,  /S,  7. 

We  write  (oL^y)  for  sin  (a/3) .  (a^y), 

.-.  (/3a7)  =  sin  (^a)  (^7)  =  -  sin  (a^)(oi^y)  =  -  (a^y). 

Now  if  we  put  a  =  /3y,  b  =  7a,  c  =  a/9;  we  get 

bc=  a,   cd  =  ^,  ah  =  y, 

or  hc=a,  ca  =  /3,   ab  =  y, 

or  bc=a,  cd  =  ^,  ab  =  7, 

or  bc=a,    m  =  ^,   ab  =  y, 

or  one  other  set  of  relations. 

We  shall  consider  only  the  first  alternative  ;  the  same  result 
follows  from  any  one  of  them. 

We  have         sin  (a^)  (^a^y)  =  sin  (bccd)  (cab) 

{ahcf 
I (6c)  {ca){ab)\' 

Hence  {a^y)  =  (^70)  =  {ya/3)  =  -  (^ay)  =  -  (y/Sa)  =  -  (ay/3), 

and  (a/37)  —  i'^^y) sin  (a^)  =  two  similar  expressions. 

We  shall  call  (a^y)  the  standard  measure  of  three  lines. 

It  is  easy  to  shew  that 

I  (°^^y)  1  =  I  (  7a  0^8  )  sin  (7a)  sin  (a/3)  | 
=  two  similar  expressions. 

§  11.     Geometry  of  two  points  and  two  lines,  a,  b,  y,  S. 

To  reduce  the  measure  (abyS). 


Let  aby  =  o. 

Then  dd  =  oh  or  od  =  oh. 

Suppose  od  =  oh,  then 

.     ,_    ,  (ay)       ■    ^-f   .  (h) 

sm(oay)  =  -r^--..:  sm(uby)  = -r-j-r-., 

|(oa)i  I  (00) I 

1  •    /— ^       (oS)-(aS)       .    ,-r.,     (oS)-(h8) 

also  sin  (oaS)=  — /; — ~  :    sin  (ob8)  =  ^ -  r^,  - 

\(oa)\  \(ob)\ 

(^7)  _  (08)  —  (aS) 
•■•   (by)  -  (08)  -  (68) ' 
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(ay)(b8)-(a8)(by) 


from  which  (oS)  = 


(abyS) 


{ay)  -  (by) 
(ay)(b8)-(a8)(by) 


(ay)  -  (by) 

Now  (abyS)  =  sin  (ciby)  (abyB) 

_(ay){b8)-{aB){by) 
\{ab)\ 

It  is  easy  to  see  that  when  da  =  ob  the  same  result  follows. 


Writing  (abyB)  for  \(ab)\  sin  (aby)  (abyS), 

we  have  (abyS)  =  (ay)  (bS)  —  (aS)  (by). 

We  shall  call  (abyB)  the  standard  measure  of  two  points  and 
two  lines. 

§  12.     Geometry  of  three  lines  and  a  point,  a,  jB,  y,  d. 

Let  a,  b,  c  be  three  points  and  d  a  point  in- 
cident in  be. 

Then 
(abd)  +  (adc)  =  \{bd)\  (aVd)  +  \(dG)\{adc). 

Suppose  bd  =  dc  =  be, 

then  (abd)  =  (adc)  =  (abc), 

and  \(bd)\+\(dc)\=\(bc)\, 

.-.  (abd)  +  (adc)  =  | (be) \(abc)  =  (abc). 

The  same  result  follows  from  the  other  alternatives  to 

bd  =  dc  =  be. 

Now   let    d  be   any  point,  not   necessarily 
incident  in  be. 


d 


Let 

ad  be  =■  e. 

Then 

(dbe)  +  (dec)  =  (dbc). 

(abe)  4-  (aec)  =  (abc), 

(abe)  =  (abd)  +  (dbe), 

(aec)  =  (adc)  +  (dec), 

rom  which 

(dbc)  +  (dea)  +  (dab)  =  (abe) 

Now  let 

be  —  a,  cd  =  ^,  ab  =  y. 

11-14] 
Then 
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(dbc)  =  I  (6c)  I  (da),  etc. 
.-.  \(bc)\  (da)  +  \(ca)\(dfi)  +  \(ab)\  (dy)  =  (abc), 
.:   sin  (0y)  (da)  +  sin  (7a)  (rf/3)  +  sin  (a^)  (dy)  =  (a/3y)  by  §  9. 
The  same  result  follows  from  any  of  the  other  alternatives  of 
§  10 ;  and  is  therefore  true  for  any  three  lines. 

§  13.  With  regard  to  any  line  a  we  shall  assume  that  one 
and  only  one  line  /3,  passing  through  a  fixed  point,  can  be  found, 
so  that  (a/S)  has  any  given  value,  say  6.  Further  that  all  such  lines 
through  different  points  are  parallel,  i.e.  the  measure  of  any  pair 
is  zero (XVI ). 

Notation.     We  shall  write  a^  for  such  a  direction ;  so  that 

(aae)  =  0- 
Corollary.  a„  ^  is  parallel  to  a. 

2^  2 

A.xiom.     We  shall  assume  that 


(a^)\  =  \(a,Ja)\    (XVII). 


-^ 


TT 

To  find  the  value  of  sin  ^ 

Let  aoi„  =  o  and  let  a  be  a  point  incident 
2 
in  a„  such  that  od  =  a^. 

2  2 

Then 

sin  (ao,r)  =  sin  (aoa)  =  —  sin  (ocia) 
2 

^  (««)  

\(oa)\ 

_      (aa)  (act) 

~\(aaa„a)\~  \(aay\ 

2 
=  + 1  since  the  orientation  of  a  in  regard   to  a  is 

counter-clockwise    (XVIII ). 

§  14.     Definition  of  cosine  function. 
We  define  the  cosine  of  the  measure  (a^)  as  follows  : 

cos  (a/3)  =  sin  (oi/3„). 


Now 


(a/3J  +  (/3./3)  +  (/3o()  =  27r, 


(a^^)  =  27r  +  (a/3)  +  |  - 
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Now 

sill  (a/S)  =  -  sin  {(a/3)  +  it]  =  sin  {-  tt  -  {a^)\  =  sin  [ir  -  (a/3)}, 

.-.  sin  |(a/3)  +  ij  =  sin  ||  -  (a;g)|  . 
Again,  (a„  /3)  +  (/3c()  +  (aa,,)  =  2ir, 

2  2 

.-.  (a,,^)  =  27r4-(a/S)-^, 
.-.  sin  (a^^)  =  sin  ||  +  (o/3)|  =  -  sin  ||  -  (a^)| 


[I 


=  _sinJ|  +  (a^)|  =  _cos(a/3), 


.-.  cos  (a^)  =  sin  (a/3^)  =  -  sin  {a^jB) 

2  2 

=  sin  ||  +  (a/3)J  =  sin  ||  -  (a/3)| . 
Again, 

cos  (/3a)  =  sin  ||  +  (/3a) l  =  sin  ||  -  (a/S)   =  cos  (a/3), 

cos  (a^/3)  =  cos  ll"  -  (a/9),'  =  sin  (a/3), 

cos  (a/3„)  =  cos  j^  +  (a/3)[  =  -  sin  (a/3), 

;;^cos  {tt  -  (ayg)}  =  -  cos  (a/3), 
cos  {tt  +  (ayS)l  =  -  cos  (a/3), 
cos  (a/9)  =  cos  (a/3)  =  —  cos  (a/3). 


§  15.  Addition  formulae  for  sine 
and  cosine  functions. 

The  three  lines  ah,  ac,  7  where 
(ary)  =  0,  denote  three  arbitrary  direc- 
tions. 

Now  {aby)-{a;cj)  =  27r  +  {abac). 
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Now  sin  (a67)  cos  (acy)  —  sin  (007)  cos  (abj) 

=  sin  {ah y)  sin(ac7„)  — sin  (acy)  sin  (aby^) 


,  supposing  {ay„)  =  0 


(67)         f         (cy)         2 


\{ab)\  \{ac)\      |(ac)l  \{ab) 
(bcyy^) 

,■     ,,,  "  o  by  formula  on  p.  12 
j(a6)(ac)l    -^  ' 

[(6c)  sin  (77^)  (6c  a) 


j  (ab)  («c) 
(aic) 


=  sin  ( cfl  a6 ) 


\{ab){ca)\ 
=  sin(a6ac)  =  sin  {(a67)  —  (007)}. 
If  we  put  («67)  =  $,  (acy)  =  4>,  this  becomes 

sin  (d  —  (f))  =  sin  6  cos  (ji  —  sin  ^  cos  6, 
and  we  have  the  other  trigonometric  formulae. 

§  16.     Further  geometry  of  the  triangle     ^  > . 
In  this  notation  a  =  be,  ^=  ai,  y  =  ab. 
We  have  (^37)  +  (7a)  +  (a/3)  =  Stt, 

.-.  —  sin  (a/3)  =  sin  {(;37)  +  (7a)} 

=  sin  (fSy)  cos  (7a)  +  sin  (7a)  cos  (By). 
Hence       —  \(ab)\  =  \{bc)\  cos  (7a)  +  j  (ca)  \  cos  (^37), 
similarly  -  \{ca)\  =  \{ab)\  cos  {^y)  +  \{bc)\  cos  (a^S) 

^  I  (6c)  =  !  (ca)  I  cos  (a;3)  +  [  (a6)  |  cos  (7a ). 
From  which 

(6c)-  =  (ca)-  +  (aby  +  2  \{ca)  (ab)  \  cos  (ca 06), 
and  two  similar  formulae. 

We  may  now  reduce  the  standard  measure  of  three  points. 

It  may  be  shewn  that 

4  (a6c)"  =  2  {cay  {aby  +  2  (a6)-  (6c)-  +  2  (6c)-^  {caf 

-{bcy-{cay-{aby. 
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§  17.     Geometry  of  tivo  lines  and  a  point,  a,  /3,  c. 
To  reduce  (a^c)-. 

Let      p  =  ccca„,  q  =  /3cp. 


•2 


Now  iu  the  triangle  pq,  /3,  a 


'(pq^/3ci)\       (I3a(xpq)\       {apqpq^y 


sin  {a 2)q)        s\n  (pq^)  sin  (/^a)     ' 

.    K^q)        (pqli 

sin  (pqa.)      sin  (cr/3) ' 

Again,  we  have 

sin  (cppq)  _  sin  (qc  cp)  _  sin  (/Sd)  _  sin  (a/3) 
\{cq)\       ~       {pq)_     ~     (pqV    ~    \{pq)\ 
cos  (apq)      s\n  {pqa) 

M)       ~    {a^q)\    ' 
.-.  tan(j?^a)=    I ^^1  =  tan  (c^c a/3), 
.•.  sin  (pqa)  =  ±  sin  (cqca^). 

Hence  Ji^  =  _lM|)L- =(^0)", 

sinna/3)      sin^  (c^c^") 

Firstly,  suppose  the  sense  of  a,  /3  to  be  counter-clockwise  in 
regard  to  c, 

.-.  (^cysm^a^)  =  (pqy 

=  {p>c)-  +  {qcf  -  2  \{pc)  (qc) \  cos  (pcqc) 
=  (2}cy-  +  (qcy  -  2  (pc)  (qc) ,  cos  (aM 

=  (caf  +  (c/3y  -  2  (ca)  ( CyQ)  cos  (a/8), 
since  (ca),  (c/3)  are  both  positive. 

Secondly,  suppose  the  sense  of  a  to  be  counter-clockwise  in 
regard  to  c,  while  that  of  yS  is  clockwise. 

Then  the  senses  of  a,  ^  are  both  counter-clockwise  in  regard 
to  c. 

Hence     (a^cY  sin"  (a^)  =  (cocf  +  (c^f  -  2  (ca)  (cyS)  cos  (ay8), 

.-.  {a'^cf  sin2  (a^)  =  {coif  -h  {c^f  -  2  (ca)  (c/3)  cos (ajS). 
Similarly  in  the  case  when  both  a,  ^  have  senses  which  are 
clockwise  in  regard  to  c,  we  obtain  the  same  result. 
Hence  in  all  cases 

sin-  (a^)  (a^c)-  =  (caY  +  (c/Bf  -  2  (ca)  (c/3)  cos  (aj3). 
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Hence  sin  {a^)  \{a^c)\  =  \/(ca)-  +  (c^f  -  2  (ca)  (c/3)  cos  {n/3), 
Avhere  the  square  root  has  the  sign  of  (a/3). 

The  quantity  {a^c)  =  sin  (a/3)  |(a/3c)|  we  shall  call  the  standard 
measure  of  two  lines  and  a  point. 

§  18.     Geometry  of  three  points  and  a  line,  a,  b,  7,  d. 
To  find  the  value  of  (abydf.  '<^ 

Let  aby  =  0. 

In  the  triangle  whose  vertices  , , 

are  a,  0,  d  we  have 

{adf  =  (aof  +  (odf 

+  2  \(ao)  {od)\  cos  (aood). 

Similarly    {bdy  =  {bof  +  {odf  +  2  \{bo)  {od)\  cos  (Food). 

We  shall  consider  only  the  case  in  which  ad  =  bo  =  ab;    in    the 
other  cases,  the  theorem  can  be  proved  in  a  similar  manner. 

Multiplying  the  first  equation  by  \(bo)\  and  the  second  by  \{ao)\ 
and  subtracting,  we  have 

{odf  1  (bo)  1  -  {bdy  I (ao) \  =  (aoy  \(bo)\-  (bo)'  \ (ao) \ 

+  (odT-\\ibo)\-\(ao)i], 

(oc^)-=^-^)^'^'^-->',7i'^^'^^^^'+l(ao)(5o)|. 


Now 


also 


-\{ab)\ 
sin  (oay)  =  sin  (  067), 

■■  \{oa)\      i(o6)|' 

\(oa)\-\(ob)\  =  \(ab)\, 

(ay)  ^  (by)  _^(ay)-(by) 
\{oa)\      \{ob)  \{ab)\ 


\(ob)\  = 


(by) 


(ay)  -  (by) 


\iab)\, 


,.  ^-^^,y  ^  (bdl(ay)^a^  ^      (0^67) 

(ay) -(by)  {(ay)  -  (by)]' ^ 


T.    G. 
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The  quantity  (ahjd)  =  I(a6)!  sin  (abj)  (abyd)  we  shall  call  the 
standard  measure  of  the  elements  a,  h,  7,  d 

{ahrydf  =  {(bdy  (ay)  -  {adf  (by)]  {{ay)  -  (by)]  +  (ary)  {by)  {abf 

=  {bdy  {ayf  +  {ad}'  {byY  +  {ay)  {by)  {{abf  -  {adf  -  {bdy}. 

§  19.     Further  geometry  of  two  lines  and  two  points,  a,  ^,  c,  d. 
To  find  the  value  of  {a^cd). 

/^^^x     (^0od)_{cda^) 

{cda^) 
"  \{a^c)\  sin  {a/3) 

{ccc)  {d^)  -  {c/3)  {da) 
^/{coiy  +  {c/Sy  -  2  {ca)  (c/3)  cos  (ay8)  ' 
where  the  square  root  has  the  sign  of  (o/S). 

If  {7/3cd)  =  {a/3c)  {Wed), 

it  is  clear  that  {a^cd)  =  {cda^). 

§  20,     Geometry  of  three  lines  and  a  point,  a,  /3,  c,  h. 
To  find  the  value  of  sin  {a/ScS). 
{^8)-{cS) 


sin  (o/3c3)  = 


1(«/Sc) 
(a/36)  -  {c8)  sin  (a/3) 


(a/3c) 
Now         {ci/38)  =  (ca)  sin  (/S8)  +  {c^)  sin  {Sa)  +  {cS)  sin  (a/3), 
(ca)  sin  (/36)  +  (cy8)  sin  (Sa) 


*.  sin  (ay3c8)  = 


(«/3c) 

(ac)  sin  (/3g)- (/3c)  sin  («g) 

(«ySc) 


We  shall  call       (a/ScS)  =  {a^c) sin  (a/3 c 8) 
the  standard  measure  of  a,  /3,  c,  B,  so  that 

(a/ScS)  =  (ac)  sin  (/3S)  -  (/Sc)  sin  (aS). 

I  21.     Eliminants. 

Let  S  be  an  arbitrary  set  of  elements.  Then  a  relation  between 
the  measure  of  pairs  of  elements  selected  from  this  set  we  shall 
call  an  eliminant  of  the  set. 
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We  have  for  three  lines 

(^7)  +  (7a)  +  (ay8)=27r. 

For  four  elements  there  is  with  one  exception  an  eliminant 
between  the  six  measures  of  the  six  pairs  of  elements  we  can  o-et 
from  the  four  elements. 

(i)     Four  points  a,  h,  c,  d. 

We  have,  see  Casey's  Analytical  Geometry,  p.  305,  formula 
(750), 

0  1111 

1  0  {ahf  {acf  {adf 
1  (ha)^      0  (6c)-  {hdf     =0. 
1  (crt)-  (c6)-       0  {cdf 
1  {daf  {dhf  (dc)-  0      ! 

If  this  be  expanded  and  reduced  by  the  relation 

(bey  =  (caf  +  (aby  +  2  \(ca)  (ab)\  cos  (caab), 
we  get     2  (6c)-  (ady  +  2S  \(ca)  {ab)\  cos  (caab)(bdy(cdy 

+  2S  I  (6c)  (ca)  (ab) \  2  l(6c)  |  cos  (caa6 )  (ady  +  (bey  (cay  (aby  =  0. 

(ii)     For  three  points  and  a  line,  a,  6,  c,  8. 
Now  if  ^  +  <^  4-  ^  =  27r, 

then     1  —  cos^  6  —  cos^  ^  —  cos-  -\/r  +  2  cos  ^  cos  ^  cos  -v/r  =  0. 

Now  ( 6c  S^) +  (S„ca)  +  (crt  6c  )  =  27r, 

2   2 

.-.  1  -sin-(6cg)-sin2(gca)-cos2(crt6c) 
—  2cos  (ca6c)sin  (Sra)sin  (6cS)  =  0, 
.    {(bS)-(cB)Y  ■  {(cB)-(a8)}\  J(b8)-(c8)}\(c8)-(a8)}        ,^_^ 

••         (6c)^        +"~-Mi~^  +  ^    _       |(6c)(ca)| cos(6cca) 

=  sin2(6cca), 
.-.  (cay  {(b8)  -  (cS)}2  +  (6c)-^  {(c8)  -  (a8y;- 
+  2  |(6c)  (ca)\  cos  (bccd)  {(68)  -(c5)}  {(c8)-(a8y  =  (abcy. 

.-.  (a8y  (bey  +  (b8y  (cay  +  (c8y  (aby 

-  2  i (ca)  (ab) \  cos  (cdah).  (68) (c8)  -  2  | (ab) (be) \  cos  (ahbc).  (c8)  (a8) 

-  2  l(6c)(ca)|  cos  (6^c«) .  (a8)  (b8)  =  (abcy. 

(in)     For  two  points  and  two  lines,  a,  b,  <y,  8. 
We  have 

sin^  (y8)  (^sby  =  (bayy  +  (bosy  -  2  (bay)  (bos)  cos  (y8), 
where  a^  denotes  the  line  through  a  parallel  to  7. 


20 


GEOMETRY    OF   TWO,    THREE   AND   FOUR   ELEMENTS 


[I 


Now     ( bcty)  =  {bciy)  -  {acty)  =  {ha ay)  =  i {ba)  i  sin  ( ba a^) 

=  I (6a) I  sin  (bay)  =  (bay), 

.:  sin^  (78)  (aby-  =  {{by)  -  {ay)Y  +  {{bS)  -  {aB)Y 

-  2  [{by)  -  {ay)\  {(6S)  -  {aS)}  cos  (78). 

(iv)     For  three  lines  and  a  point,  a,  /3,  7,  d. 
We  have  no  eliminant  in  this  case. 

§  22.     Examples. 

1.  Shew  that  if  a,  /3,  7,  S  be  four  lines 

sin  (/3y)  sin  (aS) +sin  (ya)  sin  OS)  +  sin  (a^)  sin  (yS)  =  0. 

To  prove  this,  we  have 

(3)  +  (Sa)  +  (a^)  =  27r,      .-.    (/3S)  =  27r +  (aS)  -  (a/S), 
(yS)  +  (Sa)  +  («y)  =  27r,  (yS)  =  27r +  (aS)  +  (ya), 

.  • .  sin  08)  =  sin  (aS)  cos  (ajS)  -  cos  (a8)  sin  (a^), 
sin  (y8)  =  sin  (a8)  cos  (ya)  +  cos  {ah)  sin  (ya), 
and  hence  we  have  the  above  formula. 

2.  Shew  also  that 

sin  Oy)  sin  (8S)  sin  (y8)  +  sin  (ya)  sin  (y8)  sin  (aS) 

+  sin  (a^)  sin  (aS)  sin  (38)  +  sin  (/3y)  sin  (ya)  sin  (a^)  =  0. 
This  may  be  proved  in  a  similar  manner. 

(.Va)2->{:  {(^■a)-^  +  Cyg)^-  (^j^)^}  +  ^^  (^«)^ 

3.  Shew  that  (a;2/Ca)-= ^ {\-kY  ' 

,     ivO 
where 

and  that  when  k  is  small, 

I  (^«)  I = I  (y«)  I +^  I  (*i/)  I  ^^s  (P^/")- 

The  first  is  derivable  from  the  formula 

=TTs,    (a8)(M'-(&S)(ac)2      (aS)(68)_(a6)2 
(ao8c)^= HTcA — Tasa ''77 


(aS)  -  (68) 


If /(•  be  small,     \{xyCa)\  = 


iyo)[ 
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{(a8)-(68)}2- 
^•{(■y.y)2-(.ra)^-Cya)^'-^^ 


\{yo)\-^ 


k{{xyy^-{xaf-{yaf] 


2|(y«)l 


](i+^-) 


.,  .  ^•(■ry)H(y«)^-(^«)^ 

=  l(y«)l+ 2,(.HI_ 

=  i {ya) \-k\  i-vy) I  COS  {x^ifci). 


4.     Shew  that      (j7i/C«)  = 


^•'/«)-^-(^-«),  where /•  =  ^ 


=  (ya)  +  /t{(?/a)-  (.I'a)},  when  k  is  small. 
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These  are  derivable  from  the  formula 


5.     Shew  that  (^7«<*)  = 


=~         jay)  (b8)- (by)  jab) 
(abyb)  = ;; — r — 77—7 . 

irja)-k{ia) 


where  ^'  —  itr.\ 

and  where  the  square  root  has  the  sign  of  (^jj), 

when  k  is  small  and  where  the  sign  is  that  of  (|r;)  and  h  is  the  foot  of  the 
perpendicular  from  a  on  ?;. 

We  have  the  formula 

•=-  {ac){^d)-{ad){&c) 

(aSca)  =    ,  -  =^:^= , 

^  xV)^ +  (^c)2- 2  (ac)(/ac)  cos  (a/3) 

where  the  square  root  has  the  sign  of  (a/3). 


{^Tjza)  = 


{r)a)-k{^a) 


Vi-2/-cos(^»7)+F' 


First,  suppose  {^rj)  is  positive . 


{^rfza)  =  -       


I\^1-2/{:cos(|»7)+F| 
=  {(?;«)  -  k  (^a)}  (1  +  ^-  cos  (^r;)},  k  small, 
=  (';«)  +^'  {(J^^)  cos  (!»;)  -  (^a)}. 
Secondly,  suppose  {^t})  is  negative : 

(rja)  -  k  i^a) 


{ir]za)  = 


-\-Jl-2kcoii{^r})  +  k^\ 
=  -  (rja)  -  k  {{T,a)  cos  {^r,)  -  (^a)}. 


6.     Shew  that 


,T^   ,       cos  {r]a)  -  k  cos  (|a)         .    ,  ^^  ,      sin  (770)  -  ^-  sin  (^a) 

cos  (gn^a)=    ■  =>    Sm(^n^a)=    , ^ ==^, 

x^l-2/^cos(^7,)  +  F  ^  ^     v^l-2^-cos(^r,)  +  /-2 

where  the  square  root  has  the  sign  of  {^x]). 

\ik  be  small,  shew  that  (^r^za)=  ± {(r;a) - Z- sin  {^1))),  according  to  the  sign 
of(l^). 

The  first  two  formulae  are  obtained  from  the  formulae  on  p.  18. 
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When  k  is  small,  firstly  (|^»y)  +  , 

sin  (^;;2a)  =  {sin  (7;a)-^sin  (^a)}  {1  +^'COS  {^7))} 

=  sin  {-qa)  -  k  {sin  (^a)  -  sin  {rja)  cos  {^rf)} 
=  sin  {rja)  —  k  cos  {-qa)  sin  (^17), 

.-.    (^7;2a)  =  sin~l  {sin(?;a)-^COS();a)sin  (|;;)} 

=  (»ya)  -  k  COS  (»;q)  sin  {^r,)  .    ,,     , 

V  1  -  sm''  (t^q) 
=  (770)-^  sin  (^7). 

Secondly  (l^?)  - ,  

7.  Shew  that 

I  {aa')  ihh')  (c^)  \  (^Wcd)  =  {ahb')  {a'cc')  -  {a'bh')  {ace'). 
Let  hb'=^,  cc'=y; 

then  (^^)^(«^)(a'7)-K3)(^y)^ 

'  I  (aa )  j 

.-.  \(aa')\(aa'bb'cc')  =  {abb')  {a'cc')-{a'cc')  {a'W). 

Hence  the  required  result 

Similarly, 

sin  {aa')  sin  (^^')  sin  (yy' )  ( ^^^'^Y )  =  (a^/3')  («'7y') "  (a'/3/3')  (aTX')- 

8.  If    ^   >,    ,^,  ,}•  denote  two  triangles,  shew  that 

«pyj   a^yj 

i(aa')  {bb'){cc')\  (7ia'bb'cc')  =  4RR'  sin  (aa)  sin  (^^')sin  (yy)  {'^'^'yy'), 

where  i?,  ii'  are  the  circum-radii  of  the  triangles. 

\{aa'){bh'){cc')\{'^'W^') 

=  {abb')  {a'cc')  -  {ace')  {a'bV) 

=  {^^y^')  {'^'^7^)-{Wy'7ay^')  (^y^^') 

J^ya)  (yyV)  (3'a^)  (yV^')-  OVa')  (yya)  {^a'^')  (ya/3) 
sin  (/3y)  sin  (ya)  sin  (a^)  sin  (/3'y')  sin  (y'a)  sin  (a')3') 

=  4i2ii;'  sin  {aa')  sin  O^')  sin  (yy')  (aa /S/S'yy'). 

9.  Shew  that 

{a\)  {mbc) -\- {b\)  {mca)  +  {c\)  {7nab)  =  {m\)  {abc), 

{ma)  (X/3y)  +  (m^)  (Xya)  +  {my)  (Xa^)  =  (mX)  (a^y). 
{ma)  (X/3y)  +  (w^)  (Xya)  +  {my)  (Xa^) 

=  ('/na)  {{mX)  sin  (/Sy)  +  (m^)  sin  (yX)  -  {my)  sin  (iSX)}  +  ...  +  ... 
=  (»ia)  (mX)  sin  (/3y)  +  ...  +  ... 
=  ('/«X)(a^y). 

The  first  relation  is  virtually  the  same  as  the  second. 
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10.  Shew  that  (a/3cSX)  =  -  (XSc/3a). 

Now  (a/3cSX)  =  ( a^  cBX )  sin  (a^S) 

=  (X8c[.^)sin(a/3) 
=  (XSca^)(XSc)sm(a/3) 
=  (X8ca^)(Xdc) 

=  (X8ca^)(X8c-a) 

=  (\8ca/3)=-(XSc'^a). 

11.  Shew  that  {abyd\ix)  =  {nXdyba). 

(abydXfi)  =  ( abydXfi.)  |  (a6)  | 

=  —{fikdyab)  |(«6)| 
=  (/xXc/'y6a). 

12.  Similarly,  shew  that  in  the  case  of  seventh  order  measures 

{abydKmn)=  —  {nnikdyba), 
{alicUfiv)  =  -  (pfil8c^a). 

13.  If  (a/3cS/)  =  sin  (a/3)  {^c8f),  «hew  that 
(a,3c8/)2  =  (ac)2  (^8/)-^  +  Oc)-^  iabff 

+  2  (ac)  Oc)  (O/)  (8/)  cos  (aS)  +  («/)  (8/)  cos  m-{af)  (/3/)-(S/)2cos  (a/3)}. 


CHAPTER   II 

REDUCTION   OF   MEASURES   CONTAINING   VECTORIAL 

ELEMENTS 

§  23.  The  general  vectorial  point  is  denoted  by  a^...uj,  where  a 
is  a  point,  and  p,  a  ...  oo  vectors. 

The  direction  of  p  is  p,  and  the  magnitude  is  denoted  by  p.  It 
may  seem  convenient  to  regard  p  as  always  positive,  and  measure 
it  in  the  direction  of  p.  There  is  however  an  alternative  conven- 
tion, which  proves  to  be  more  comprehensive.  This  is  to  regard 
p  as  positive  or  negative  and  to  measure  it  in  the  direction  of  p 
when  positive,  and  to  measure  it  in  the  direction  of  p  when 
negative.  We  shall  also  use  an  alternative  notation  to  ttp,  namely 
ffp,^,  so  that  with  the  convention  stated 

We  may  see  the  use  of  the  convention  when  expressing  the 
foot  of  the  perpendicular  from  a  on  0  by  means  of  a  vector. 


It  is 


2  2 


With  the  restricted  convention  we  are  not  able  to  represent 
it  by  means  of  one  formula, 

§  24.     To  exi)ress  (a^..  ,^6)^  in  terms  of  measures  of  two  elements 
and  vectorial  magnitudes. 

Let  a^  =  c. 

First,  suppose  p  positive,  then 

\{ac)\  =  p,  ac  =  p. 
Now         (be)-  =  (aby  +  {acf  +  2  ]  {ab)  (ac)\  cos  (caab) 

=  (aby  +  p'-2p  i(a6)|  cos  (abp). 
Secondly,  suppose  p  negative,  then 

I  (ac)  \  =  —  p,  ac  =  p. 
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In  this  case  also 

(be)'  =  (aby  +  p--2p  \{ab)\  cos  (abp). 

Hence        {a^hf  =  (abf  -  2  !  (ab) \  p  cos  (^p)+p\ 

.• .  (a^^by  =  (ttpby  -  2  1  (ttpb) j  ^  cos  ( cij)  a)  +  a- 
=  (aby  -  2  {ab)\  p  cos  ( ^p)  +  p' +  a- 

-  2a-  [(a^<T^)  -  (ba„)] 

'2.  2 

=  {aby  -  2  I  {aby  p  cos  (aftp)  +  p-  +  <t- 

-  2a  \_{a(T^)  -  p  cos  {pa)  -  (6o-^)],  by  §  25, 

2  2 

=  {aby  -  2p\{aby  cos  {abp) -2a-  \{ab)\  cos  (a6o-) 
+  p-  +  a--  +  2po^  cos  {pay 
And  it  is  easy  to  see  that 
{a^^..J>y  =  {aby  -  2  |(a6)j  Sp  cos  {abp)  +  Ip-  +  2lpa  cos  {pay 

§  25.  To  express  {a^^  ...^^)  in  terms  of  measures  of  two  elements 
and  vectorial  magnitudes. 

Let  a^  =  c,  and  consider  firstly  p  positive,  then  ]  {ac)  \=p,ac  =  p. 

^  .    ,-..     {a^)-{c0) 

iN  ow  sin  (actS)  =  ^-^-f-, — ^^ , 

\{ac)\ 

.-.  (r^)  =  (0/3)  -  p  sin  (p/3). 

If  p  be  negative,         \{ac)\  =  —  p,  ac  =  p, 
and  again  (c/3)  =  {a/3)  -  p  »in  {p/S ). 

Hence  in  both  cases 

(ap/3)  =  {am  -  p  sin  (p/S), 
.*•  {^p&m  =  ("p/3)  —  o-  sin  (o-yS) 

=  (a/S)  -  p  sin  {p^  -  a-  sin  (a-/3). 
It  is  easy  to  see  that 

(ap<^...«/3)  =  {a/3)  -  Ip  sin  (p/3). 

§  26.  The  general  vectorial  line  is  ap^___^^^,  where  p,  a  ...  ^  are 
vectors  and  (o  a  direction.  On  reaching  the  point  given  by  the 
series  of  vectors  p,a ...<j>  we  take  a  line  through  this  point  parallel 
to  the  given  direction. 
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To  find  the  reduction  of  the  measure  {a^^...4,J)). 
Let  the  point  a^^,,,^  be  c;  we  need  {c^h). 

(c^b)  =  (6cJ  =  (bc^)  -  {cc^) 

=  {bccj)  =  ! (6c) I  sin  {bcc^) 

=  \{bc)\  sin  (bcw) 

=  (bc(o) 

=  (bco)  —  (cft)) 

=  (6a))  —  (a^^  ^  &)) 

=  (bco)  —  }(«&))  —  1p  sin  (p«o)} 

=  (6a&))  +  Sp  sin  (po)), 
•'•  (apc^...<*;w6)  =  (6a&))  +  Sp  sin  (p(o). 

§  27,     To  reduce  the  measure  («p:r..,(^u,/S). 
Evidently  {a^&...i,u>^)  =  {(of3). 

§  28.     Examples. 

1.  Shew  that     {XaJ^y)  =  —  (a-^)  sin  (ay)  +  (.ry)  sin  (a)3). 

We  have     (^'a^y)  =  {xxa)  sin  (|3y)  +  (.r/3)  sin  {yXa)  +  (.^y )  sin  (Xa^). 

2.  Prove  that  the  perpendiculars  of  a  triangle  intersect. 
Let         I  be  the  points  and  sides  of  the  triangle. 

Denote  the  perjiendiculars  by  X/iv. 

{\}iv)  =  {aa^fiv)  =  {afx)  cos  (av)  —  (au)  COS  (afj.) 


2 


=  -  (abp^)  sin  (ay)  +  {ciCy„)  sin  (a^) 

2  2 

=  {abj3„)  sin  (ya)  +  (acyv)  sin  (a/3) 

2  2 

= !  (ab)  I  cos  (y/3)  sin  (ya)  —  j  (ac)  \  cos  Oy)  sin  (a^) 
=  0. 

3.     Let     „   >,    ,^,  ,}•  be  two  triangles:  lines  are  drawn  through  a,  b,  c 
apy)     aj3y) 

perjjendicular  to  a',  /3',  y',  forming  the  triangle  whose  sides  are  Xj,  /^i,  i/j: 

similarly  through  a',  6',  c'  are  drawn  lines  perpendicular  to  a,  ^,  y,  forming 

the  triangle  X2,  (^2,  "2- 

Shew  that  ..  '  ^  \  =  -  7,,,  where  R,  R  are  the  circum-radii  of  the  triangles 

(A2/:^2''2}  ^ 

abc,  a'h'c'. 

(^iMi"!)  =  (""VMi"!)  =  («Mi)  cos  (aVi)  -  (ai^i)  cos  (a>i) 
2 
= '  (ab)  I  cos  (06  jS')  sin  (y'a)  +  |  {ac)  |  cos  (acy)  sin  (a'/3') 
=  2R  {sin  (aiS)  cos  O'y)  sin  (yV)  -  sin  (ya)  cos  Oy')  sin  (a'/3')l. 
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The  expression  within  the  brackets  is  symmetrical  in  a,  a  ;  /3,  ^' ;  y,  y  but 
for  sign. 

Hence  the  result. 

Corollary.  If  the  perpendiculars  from  ahc  on  to  a'fi'y  be  concurrent,  the 
perpendiculars  from  a'h'c'  on  o/3y  are  also  concurrent, 

4.  Reduce  the  measure  {opby). 

iapby)  =  {apy)-{by) 

=  (ay)  -  p  sin  (py)  -  (by) 
=  (a6y)-psin(py). 

5.  Reduce  the  measure  (apb^y). 

{apb^y)  =  {apy)-{b^y) 

=  {ay)  -  {by)  -  p  sin  (py)  +  a-  sin  (try) 
=  {aby)  -  p  sin  (py)  +  a-  sin  (o-y). 

6.  Reduce  {a^bc). 

(ap  6c)  =  {abc)  +  p  {bcp). 

7.  Reduce  {a^b&c). 

{a^  b&c)  =  {aba-c)  +  p  {b&cp) 

=  (6<Tm)  +  p  [{bp)  -  a-  sin  (o-p)  -  (cp)] 
—  (a6c)  +  p  (6cp)  +  o-  (cao-)  +  pa-  sin  (po-). 

8.  Reduce  {axb^c^). 

{a\b^Cv)  =  {abci;)  +  \{bc^\)  + p.  {Cvafi)  +  Xil  sin  (kfi) 
=  {abc)  +  2X  {bcX)  +  2/lv  sin  (/xf). 

9.  Reduce  («'^'<2...\S'^2">»S''2-->J- 

+  K  (^^2  •  •  •  '^<i  -  1  ^•'l  "^i  •  •  •  ^H  - 1  ^») 

+/i„i/,i  sin  (p,„i/„)  +  j)„X,jSin  (f„X,i)  +  X„/i„sm  (X„p„) 

=  («\X^...A„_l^M2...M„-,S^^..>„_^) 
+  X„  (6cX„)  +  /!„  (mpj  +  Vrt  {o-i>Vn) 

+  /!„  0,,  sin  (p„  v„)  +  i5„X„  sin  (vnX™)  +  X„/x„  sin  (X„/i„) 

A  1—1  ^  n-1 

+  X„2  p,.sin(X„/x,)  +  X,.  2  i),.sin(i/,X„) 
1  1 


m— 1  ji— 1 , 


+/x„  2   i5,.  sin  (/x,(V,.)+/In  2  X^sin  (X,.p,„) 
1  1 

n — 1  A  n—\ 

+  v,i  2   X,.  sin(i'„Xr)  +  i),t   2  p.,.iim{p.,v,X 
1  1 


=  {abc)+     2      2    (6cX,.) 

A,  fL,  V  r  =  \ 

+     222  sin  (/Xj-i/g)  p^i's 
A,  ni,v   r   s 
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10.  Shew  that   (ap<r/3y)  =  (ao-i3y)+psinOy)  sin  (po-). 
We  have  {apa^y)  =  -  {ctp^)  sin  (07)  +  (a^y)  sin  (a-/3) 

=  -{(«/3)-psin(p^)}sin((^y) 

+  {(ay)  -  ^  sin  (py)}  sin  (o-/3) 
=  -  (a^S)  sin  (o-y)  +  (ay)  sin  (o-/3) 

+  p  sin  (p/3)  sin  (try)  -  p  sin  (py)  sin  ((t/S) 
=  (tto-^y)  +  p  sin  Oy)  sin  (per). 

11.  Shew  that     {xaky^^zyv)  =  {x\yfiZv)-\-'2asm{fiv)^m{a\). 

{poiKy^^Zyv)  =  {x\y^ii.Zyv)  +a  sin  (pv)  sin  (aX) 
=  {yy.ZyvOOx)  +  a  sin  (pj/)  sin  (aX) 

A 

+/3  sin  (vX)  Sin  (/3p) 
=  {zvXKyy)  +  a  sin  (pi/)  sin  (aX) 

A 

+  /3  sin  (i/X)  sin  (/3p)  +  y  sin  (Xp)  sin  (yv). 

12.  Shew  that       (.*^a^a,...<i„A2/^1^2...^„M2YlY2...>„'') 

=  (^Ayiii«.')  +  sin  (pi/)  2  a,,  sin  (arX)  +  sin(i'X)  2  /S^sin  (/S^m) 
1  1 

n 

+  sin  (Xp)  2  y,.  sin  (y,.i'). 
1 

13.  If  a,  ^,  y,  S  be  four  lines,  shew  that 

2(/3yS)sin(a8)  =  0. 
2  {fiyb)  sin  (aS)  =  2  {(o/3)  sin  (yS)  +  (oy)  sin  (8^)  +  (oS)  sin  Oy)}  sin  (a8) =0. 

14.  Let        i  be  a  triangle  and  X  any  line  :  p,  q,  r  are  the  feet  of  the 

I^erpendiculars  from  a,  6,  c  on  X :  shew  that  the  perpendiculars  from  p,  q,  r 
on  o,  ^,  y  ai'e  concurrent. 

The  perjjendicular  from  p  on  a  is  represented  by  cta^,  _(aA);  a^. 
And  we  have 

(OA^,    -(„A);  a^       &A^,     -(6A);  ^„       C^„,    -{cK)-.   y„) 
2  -2  2  2  2 

=  iaa„bp^Cy^  -  2  (otX)  sin  Oy)  sin  (aX) 

o  o'  f> 

=  0-2  (/3yX)  sin  (aX)  =  0. 

The  point  of  intersection  of  the  perpendiculars  has  been  called  the 
orthopole  of  X  in  regard  to  the  triangle. 

15.  If  along  the  perpendiculars  from  a,  b,  c  on  any  line  X,  we  measure  off 
distances  equal  to  the  perj^endiculars  from  the  angular  points  of  the  medial 
triangle  on  this  line,  determining  the  points  p,  q,  r,  shew  that  the  perpen- 
diculars from  p,  q,  r  on  a,  ^,  y  are  concurrent. 

16.  Let  ,^  \ ,  ,  ,  ,h  be  two  triangles.  Let  «,  q,  r  be  the  feet  of  the 
perpendiculars  from  a,  b,  c  on  any  line  S;  p\  q\  r'  those  from  a',  b',  c  on  S. 
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Let  the  perpendiculars  from  p,  q,  r  on  a',  ^',  y'  be  Xj,  fii,  i',,  and  the  perpen- 

{\         \         p 
diculars  from  p\  c/,  r'  on  a,  /3,  y  be  X2,  ^1.25  ''2-      Shew  that .  =  —  ^, . 

Now  (XlitilI'l)  =  («A„,    -(«A);   <xv      ^A^,    -(!/A);/3V      -^A^,    -  (cA)  •,  vv) 

=  (ftav   *i3v   Cyv)  +  2  (rtX)  sin  Oy )  sin  (a'X) 

"o  2^  2^ 

=  ^1 .  i?+  ^-p;  2  (aX)  (6'c'A),   4  being  symmetrical  in  regard 

to  the  triangles,  but  for  sign,  from  Ex.  3 
=  i?x  function  symmetrical  in  the  elements  of  the  two 
triangles,  but  for  sign.     Hence  the  result. 

17.  The  circum-centre  of  a  triangle  is  represented  by  ^<t.     Find  the  area, 
i.e.  half  of  the  standard  measure,  of  the  pedal  triangle  of  the  point  Sp. 

The  circum-centre  is  the  point  where 

(sa)  =  R  cos  (/3y),  (sjS)  =■•  R  cos  (ya),  (sy)  =  R  cos  (a/3). 
Then  if  ^,  q,  r  be  the  feet  of  the  perpendiculars  from  a  point  m  on  a,  /3,  y, 

(pgr)  =  (ma„  /"s„      ,    „,  niy_     ,      ) 

=  2  (w/3)  (my)  sin  (/Sy). 
Then  if  m  =  s^, 

ipqr)  =  (sp/3)  (sp  y)  sin  Oy)  +  ...  +  ... 

=  {(.s/3)  -  ^  sin  (p^)}  {(sy)  -  p  sin  (py)}  sin  (^y)  +  ...  +  ... 

=  [R  cos  (ya)  -  p  sin  (p/3)}  {/2  cos  (a/3)  -  p  sin  (py)}  sin  (/3y)  +...  +  ... 

=  R^  2  cos  (ya)  cos  (a^)  sin  Oy)  +  /^p2  sin  (pa)  sin  Oy) 

^  +p2  2  sin  (p^)  sin  (py)  sin  Oy) 
=  (ii:2  -  ^2)  sin  Oy)  sin  (ya)  sin  (a^). 

18.  Shew  that 

2    (o^a)2  (p6c)  =  2  (oa)2  (^fec)  +  (ffl6c)  p2+2  (a6c)  p  |(joo)|  cos  (pop). 
a,  b,  c 

2  (Op a)2  (jo6c)  =  2  {(oaf  -2p\{oa)\  cos  (oap) + p^}  (jo6c) 

=  2  (oa)2  (pbc)  +  ^2  (a6c)  -  2p  {{opn)  -  (ap^)}  (pbc) 

•2  -J. 

=  2  (oa)2  (»6c)  +  p2  (abc)  -  2p  (op,r)  («6c)  +  2p  (pp^)  (a6c) 

2  2 

=  2  (oa)2  ( jofec)  +  p2  {((be)  +  2p (abc)  \{po)\  cos  (pop). 

19.  Hence  shew  that 

2    {oa)'^  {pbc)  =  {R^  +  {po)^ -  {psj^}  {abc), 

a,  b,  c 

where  s  is  the  circum-centre  of  a,  b,  c  and  R  the  circum-radius. 

2    {oaf{pbc)  =  '2{su>,paf{pbc),  where  a)  =  so,  p  =  |(«o)l 

=  2  (s«)2  {pbc)-\-p^  {abc)  +  2p  {abc)  \  (ps)  j  cos  (psa) 
=  {R^  +  p'  +  2p\{ps)\  cos {psso)} (abc) 
=  {R'^  +  {poy^-{ps)^}{abc). 


CHAPTER   III 

REDUCTION   OF   MEASURES   CONTAINING   EQUATIONAL 

ELEMENTS 

§  29.     It  is  evident  that  an  equation 

f[{xa^),  {xa^)  ...  \{xa^%  \{xa^\  ...}  =  0, 
where  ol-^,  ol..  ...  a^,  a^  ...  are  fixed,  is  a  locus  of  a;. 

We    shall  consider  the   following  locus    a   linear  function  of    j 

{x'x-^),  (xa^)  . . .  namely, 

Ittr  (xOr)  +  a  =  0. 

Let  y,  z  be  two  points  on  the  locus,  then 

Sttr  (2/ofr)  +  a  =  0, 
2a,.  {zoi,)  +  a  =  0. 

Hence  by  subtracting 

tar  {yzoL,)  =  0, 
i.e.  2a,.  sin  (yza^)  =  0, 

which  equation  determines  the  direction  of  yz. 

Hence  the  locus  must  be  a  straight  line. 

Conversely,  it  may  be  shewn  that  any  line  can  be  expressed  in 
the  form  of  a  linear  equation.  For  let  ^  be  the  line,  and  let  a,  ^ 
be  any  two  lines,  concurrent  with  ^. 

Let  X  be  any  point  on  ^,  then 

{x/3)  sin  i^ct)  +  (xa)  sin  (/3^)  =  0, 
and  by  taking  any  two  lines  7,  8  concurrent  with  a,  we  have 
(xa)  sin  (jS)  +  (x^y)  sin  (Ba)  +  (x8)  sin  (ay)  =  0. 

Hence  /3,  7,  8  being  any  three  arbitrary  lines  the  equation  of 
^  may  be  expressed  as  a  linear  function  of  (x^),  (xy),  (xB). 
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It  is  important  to  notice  that  the  locus  given  by  a  linear 
equation  is  according  to  our  stipulation  two  lines ;  namely,  a  line 
and  the  line  with  same  position  but  reversed  direction.  The 
signs  of  the  square  roots  occurring  in  the  following  are  therefore 
necessarily  indeterminate. 

§  30.     To  reduce  the  measure  (Sa,.  {xa^)  -\-a  =  0/3). 

If  y,  z  be  two  points  on  ^  =  Sa,.  (*«,.)+ a  =  0  we  have  seen 

that 

l.ar^\n{yzoLr)  =  0, 

i.e.  2a,.  sin(^a^)=  0. 

.-.  2«,sin[(r/3)-(a./3);=0. 

.-.  sin  {^fi)  2a,.  cos  (a,./3)  =  cos  {^j3)  2 a,,  sin  (a,.y5), 

.     ,       .i-Qx      2a,.  sin  (a,/3) 

.-.  tan(f/8)  =  .^^ , — ■^.. 

^^    '      2arCos(a,./3) 

2a,.  sin  (a,. /3) 


Hence        sin  (|/3)  = 
cos  (f /3)  - 


V2a,,.2  +  22a,-as  cos  («,•«,) 
2  a,.  cos(o,./3) 


V2a,.^  +  22  a,.ag  cos  (ar«s) 
Let  us  give  ^  a  certain  sense.     With  this  sense  we  have 

•    ,i.o\                   2a,.  sin  (a,.^) 
sm(^^)=  (i), 

m|  V  2a,.-  +  zla,.as  cos  (ar«s)| 

where  ??i  is  either  4-1  or  —  1. 

,p,  ,^^.  2a;.  cos  (a,. /3) 

Then  cos  (^/3)  =         ,       ^  ^       '  (n), 

m  I  V  2a,.2  +  22a,.as  cos  (a,.ag)| 

since  the  sign  of  the  tangent  is  independent  of  the  sense  of  ^. 

Suppose  7  any  other  line. 

Then 

sin  (f 7)  =  sin  {(^/8)  +  {^i)\  =  sin  (|/3)  cos  (/37)  +  cos  (I7)  sin  (/37) 

_  2a,.  sin  (cLr<y) 

m  I  V2a,.2  +  22a,.as  cos  («,.««)! ' 

substituting  from  (i)  and  (ii). 

Hence    the    sign    of    the    square    root    depends    only   on    the 
particular  sense  of  ^  chosen. 

§  31.     To  reduce  the  measure  C^Or  {xa,)  +  «  =  0  h). 

Let  y  be  any  point  on  the  line,  and  let  tu  denote  its  direction. 
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Then 

=  1(3/6),  sin  (a,  ?/6) 

2a,.  sin  (a,. ^6) 


=  XM 


'Jla,?  +  2la,.a,  cos  (a,. a,,) 


s/1a,?  +  22a,.ag  cos  (a,.a^.) 

_        %ar  {hoLr)  —  Xar  (yctr) 

\/1a,?  +  22«v.as  cos  (a^-a^) 

V  Zttr-  +  z>.a^a.s  cos  (a,-or«) 

Supposing  the  line  la^-ixa,.)  +  a  =  0  to  have  a  specified  sense, 
it  is  important  to  notice  that  the  square  roots  occurring  in  this 
and  the  former  section  have  the  same  sign. 

§  32.     Next  we  shall  shew  that 

S^,  (fa,) +  25,  cos  (1^/3,)  =  0, 
where  ttj,  ao ...,  ySj,  y^o...  are  fixed,  is  the  equation  of  a  point. 

A  given   line  may  be   represented    by  0^,,,.,^,    where  c   is  an 
arbitrary  point.     Let  this  satisfy  the  equation,  then 

2^,(c^,,.^a,)  +  IB,  cos  (c.,,,.,/,/3,)  =  0, 

.-.  2^r  {(arC<p)  +  r  sin  (ox^)}  +  25,  cos  (<^/3,)  =  0, 

.•.  r  sin  (&)</>)  -A,  =  —  1A,. {cifi^)  —  25,  cos  (^/3,). 

We  may  change  ^  to  </>,r  and  we  have 

r  cos  ((u0)  2^,  =  -  2^,  {arC(f)„)  —  25,  sin  (0/3,). 

2 

Squaring  and  adding 

r-  (2^,)^  =  lA,?  (a^cy  +  22  A, As  i(a,c)  (a,c)!  cos  (tt;:ca^) 

+  22^, 5s  (a,c)  sin  (a^^^) 
+  25,^ +  225,5,  cos  (^,/3,). 

Since  the  right-hand  side  is  independent  of  ew,  ^  all  the  lines 
must  pass  through  the  same  point.  In  other  words,  the  equation 
is  that  of  a  point. 
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Conversely,  any  point  can  be  represented  by  an  equation  of 
the  form  considered.  For  let  o  be  the  point,  take  two  points  a,  b 
coUinear  with  o.     Let  ^  be  any  line  incident  in  o. 

Then  (a^)  {bo)  =  (b^)  (ao). 

Then  taking  any  two  lines  /3,  7  we  have  from  b,  |,  /3,  7 

(b^)  sin  (/37)  -  (6/9)  sin  {^y)  +  (67)  sin  (^/3)  =  (^^y). 
Hence 

{«f )  sin  (^7)  (bo)  =  (ao)  [-  (6/3)  cos  (^7^)  +  (67)  cos  (^/3„)  +  {^^y)]. 

2  2 

a,  /3,  7  are  any  three  elements,  and  the  equation  is  of  the  form 
considered,  proving  the  theorem. 

§  83.     To  reduce  the  measure 

(S^,(K)  +  S5,cos(^/3,)=0c)^ 
We  have  seen  that 

{lA ,  (^«,)  +  1B^  cos  (1^,)  =  0  cf  {lA  ,)-^ 

=  tAr^{a^cf  +  2  S  A,As\{a,c){asc)\co&(a:;:ca;fi) 

+  22^,^,  {afi^,)  +  25,^  +  225,,5,  cos  i^M, 
which  is  the  required  reduction. 

1        §  34.     To  reduce  {^A,  (^a,)  +  IB,,  cos  (^/3,)  =  0  7). 
Let  c,  rf  be  two  points  on  7,  and  let  a  be  the  point 

2^,(^a,)  +  25,cos(|/3,)  =  0. 
Then  ac,  arf  will  satisfy  the  equation. 

.-.  ^A^{aca,)  +  ^B,. cos  (ac/8,)  =  0, 
.-.  ^A,  (aca,)  +  IB, (ac^,„)  =  0. 

Similarly  lA,  (ad  a,)  +  XB,  (ad0,„)  =  0. 

.-.  subtracting     lA,  \(a,a)\  (cdaji)  -  SJ?,  (cd^,„)  =  0, 

.-.  tA,  |(a>a)|  sin  (ya^d)  -  IB,  cos  (7/3,.)  =  0, 
i-e.  2^,  («a,7)  -  S^,  cos  (7/3,)  =  0, 

.-.  (^7)  1.A,  =  lAr  (ary)  +  XB,  cos  (7/3,.). 
Hence  (S^,  (^a,)  +  IB,  cos  (^^8,)  =  07)  XA, 

=  lA,  (ya,)  +  XB,  cos  (y/3,). 


T.   G. 
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§35.     Ill  the  case   in    which    2^,,  =  0  the  foregoing   results 
break  down.     We  shall  consider  this  case. 

From  the  equation 

2^,(K)+25.cos(^y3,)  =  0, 
subtract  '$A,.{^c),  where  c  is  an  arbitrary  point.     We  get 
%A,  \{a,c)\  sin  (a^c^)  +  SB, cos  (/3,^)  =  0. 

Let  7  be  any  line,  and  let  (^7)  =  6. 

Then  tA,  \(a,c)  \  sin  {(a,C7)  -  6]  +  ^B, cos  {{/3,.y)  -  0]  =  0. 

Hence       l.A;.  [(a,.C7)  cos  6  -  sin  0  {a,.C'y„)\ 

+  S5,  {cos  (/3,7)  cos  0  +  sin  (^,y)  sin  0\  =  0. 

Hence       {XA ,  {a,ry)  +  IB,  cos  (/3,7)}  cos  0 

=  {lA,{a,y.)  -  25, sin  (0,y)}  sin  0, 

giving  0  independent  of  the  particular  line  chosen.     Hence  the 
equation  represents  a  direction. 

§  36.     To  reduce  {■^AX^a,)  +  tB,cos{ll3,)  =  0y),  tvhen  2^,=  0. 

We  have  from  §  35 

tan  {tA,  (^a,)  +  25,  cos  (^5,)  =  07) 
^2^,(a,7)+25,cos(/3,7) 
tA,  {a,ry„)  -  tB,  sin  (/3,7) ' 

§  37.     Examples. 

1.     Shew  that 

SSOj-^gSin  (a,/3j) 

2a,  sin  Oa,) 

Now  sm  (Sa^  (^o?-)  +  a  =  0  /3)  =  -7 --^^  , 

V  2''/,^  +  22a,ag  cos  (a,ag) 

.-.  sin(2a,(A'a,)  +  a  =  0  2i,(.r/3,)  +  6  =  0) 

2arsin  (26,  (.yi3,)+i>  =  0  »,-) 

V  2(',^+ 22a,ag  cos  (a,ag) 

2  a,  {2b,  sin  {ar^,)ls'2br^  +  2ib,b,  cos  (/3,i3g)} 

_  r  s 

<J'2a,?  +  22  a, flg  cos  (a,. a^) 
=  2  2«,i,sin(a,/3,)/Q„S2(„ 

)■   s 

where  Q.^  =  '2a^?  +  22«,.as  cos  {a,a^^ 

with  a  similar  expression  for  the  cosine. 
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2.  Shew  that 

(2«,.(jPa,.)+«  =  0  2ft,. (07(3,.) +  6  =  0  ^c,.{xy,.)  +  c  =  0)  Qa^b^f. 

=  2  2  2arbsCt{arl3gyt) 
r  s   t 

+  a2  2  b,Cg  sin  (/3,.ys)  +  Z)  2  2  CyCig  sin  (y,.as) 

+  c  2  2  a,.  6s  sin  (a,./3g). 

Let  0  be  any  point,  then  we  have 

(2a ,.  (A-a,.)  +  a  =  0  26,.  {x^r)  +6  =  0  2c,.  (xy,.)  +  c  =  0) 

=   2  (2a,.  (.2;a,.)  +  a  =  0  o)  sin  (26,.  (a'/S,.)  +  6  =  0  2c,.  (.ry,.)  +  c  =  0) 
«,  b,c 

--=   2  {2a,.  (oa,.)  +  a]  2  2  636^  sin  Osy«)/Q„  Qft  0^ 
a,  6,  c  •<    i 

=   2  {2  2  2a,.6,Cj(oa,.).sinOsyj)  +  a2  2  6sC(Sin(/3sy<)}/Q„fi(,Qc 

a,h,c  r  s  t  si 

=  {222  a,.6,Ci  (a,./3sy«)  +   2  a  2  2  6,c«  sin  (|3sy<)}/fl„Q5l2<.. 
)•  s  f  rt,  6,  c     J'  s 

3.  Shew  that 

2Z?,.sin(y/3,.) 


sin(25,.cos(^^,.)=0y)  = 


s'2//,.2+22S,.5,cos(0,./3,) 

§  38.  We  may  now  explain  fully  the  general  method  of  pro- 
cedure. Let  there  be  11  elements,  whose  relative  properties  are 
our  consideration  ;  also  in  algebraic  quantities  occurring  in  a  system 
of  vectors;  the  directions  of  the  vectors,  we  shall  include  in  the  n 
elements.  Also  p  algebraic  quantities  occurring  in  the  coefficients 
of  equational  elements.  The  elements  in  the  equation  we  shall 
include  in  the  n  elements.  The  fact  that  the  standard  measure  of 
three  lines  is  in  itself  irreducible  complicates  matters. 

If  all  the  7^  elements  be  lines,  introduce  an  arbitrary  point. 
This  enables  us  to  reduce  the  measure  of  three  lines.  So  we  shall 
suppose  among  the  n  elements  there  is  at  least  one  point. 

Then  any  measure  of  these  elements  and  elements  derived 
from  them  in  any  of  the  three  ways  stated  in  §  3,  can  be  reduced 
to  an  algebraic-trigonometric  function  of  the  "Ca  measures  of  the 
n  elements,  taken  two  by  two  together,  and  the  m  and  p  algebraic 
quantities.  We  shall  only  consider  such  geometry  in  which  elements 
are  derived  in  one  of  the  three  ways  stated  in  §  3  and  no  more. 
Then  a  property  amongst  the  elements  is  the  vanishing  of  a 
function  among  measures  of  the  n  elements  and  derived  elements. 
By  reducing  the  measures  to  algebraic-trigonometric  functions  of 
the  "c.,  measures  of  the  n  elements  taken  two  by  two,  we  have  to 

3—2 
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prove  the  vanishing  of  a  function  of  these  "c,  measures,  and  the  m 
and  p  algebraic  quantities. 

Again,  let  the  n  elements  be  composed  of  n.p  points  and  ni  lines. 
When  np=l,  there  are  ni—2  relations  between  the  measures 
two  by  two  of  the  iii  lines  and  there  are  no  other  relations.    When 

/jj 2)  (n 3^ 

»^>1,   there  are  ^ 4? '    relations  between  the  measures 

two  by  two  of  the  n  elements.     See  §  21. 

Our  task  is  then  to  prove  the  vanishing  of  the  function  of  the 
"Co  measures  and  m  and  p  quantities  by  means  of  these  and  only 
these  relations  between  the  measures. 
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CHAPTER   IV 

DIFFERENTIATION   OF   MEASURES   OF   SIMPLE   ELEMENTS 

§  39.     Let  X  be  any  point,  and  x'  a  consecutive  point.     Then 
|(a;i»')|  we  denote  by  hx,  xx   by  tx. 

Again  let  |  be  any  line,  and  |'  a  consecutive  position.    (||')  we 
denote  by  8|,  ^^'  by  p^. 

§  40.     From  the  preceding  it  may  be  shewn  that 
L       -,    =  k,  a  constant. 

The   precise    value  of   k  is  still  at  our  disposal.     We  shall 
suppose  then  that 

L    ^=1  (XIX). 


0^0 


e 


With  this  stipulation  it  may  be  shewn  that  the  sine  and  cosine 
functions  may  now  be  expressed  as  the  usual  infinite  series. 

I  41.     To  differentiate  \{xd)\. 

The  point  a  is  supposed  fixed.     We  define  the  differential 
coefficient  or  derivative  of  \{xa)\  as 

\{x' o)\  —  \{xa)\ 

,  .    ,     d  \ixa)\ 
We  represent  this  by  — ~ — -  . 

d\{xa)\              \{xa)\-\{xa)\ 
Iben  — -, =    L    r-. — -rr. 

^^  x-*-x'  I  \^<^ ) 

|(i»'a)j  +  l(^a)|  cos  (^a^') 


.r-»-,i' 


\(xx')\ 


J    —  \(xx')\  COS  (ax' x x) 
=     Li 


x-^x 


\(XX'')\ 
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by  formula  on  p.  15, 

=    L    —  co&{x'axx') 

=  —  COS  (rxxa). 

„  d\{xa)\ 

Hence  ^^^ —    =  —  cos  (rxxa). 

ax  ' 

The  line  x^^^  we  shall  call  the  normal  line  at  x,  and  represent 
it  by  vx,  so  that 

{txvx)  =  ^. 

Hence  — ^ — -  =  —  cos  (xdTx)  =  —  sin  (xdvx) 

ax  ^ 

(xavx)      (vxa) 

\{xa)\       \{xa)\' 

§  42.     To  differentiate  {xol). 

„,    ,  d  (xoi)       T-     (x'a)  -  (xa) 

We  have  -^    -=    L     — ^ — ^^| — - 

_      -J-       {x'xOL) 
x-*-x'  \\^X  )  I 


=  —    L    sin  (xx'a) 

x-^x' 

=  —  sin  (txo.). 

§  43.     To  differentiate  (^a). 

The  line  j)^^^  we  shall  call  the  normal  line  of  f,  and  represent 
it  by  v^. 

We  have  from  definition 

fir^     (If) 

_    r    -  i^a)  -sin  (z^rr)  +  (^^«)  si"  (^f)  -  (l«) 


by  formula  on  p.  18. 


•  ~dT  ^  ^'^''^- 
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§  44.     To  differentiate  (^a). 


We  nave  — ytt-  =    -L*    tit^tt — 

.  dm^_ 

"     d^ 

§  45.  Let  X,  ?/,  2^  . . .,  f,  77,  ^  . . .  be  a  number  of  points  and  lines. 
Let  f{x,  y,  z  ...,  ^,  rj,  ^ ...)  denote  a  measure  depending  on  the 
same  points  and  lines. 

Then  the  differential  of  f{x,  y,  z  ...,  |,  t],  ^...)  denoted  by 
df{x,  y,  z  ...,  ^,  r],  ^ ...)  is  defined  as  the  expression 

f{x,  y',  z' ...,  f,  7;',  ^'  ...)-f{x,  y,  z  ...,^,  1],  ^ ...), 
where  x  y ,  z  ...,  |',  7;',  ^' ...  are  near  x,  y,  z  ...,^.  t),^ ...,  small 
quantities  of  Sir,  "b^  ...  being  onlj^  retained. 

Then    f{x\y\z' ...,  ^',  v',  ^' -') -fix,  y,  2  ...,  ^,  v,  ^  ■") 

=f(x',  y',  z' ...,  r,  v,  r  .•.)-/(^>  2/'.  ^'  •••  r,  v,  r  ••■) 

+f{x,  y',£  ...,  I',  77',  i;'  ...)-f{x,  y,z' ...,  f,  7;',  ^' ...)+ ... 

+/(^,2/,/...,  r,v,r...) -/(^>^,^---^.  v,r  •••)+•••• 

Hence  dfix,  y,  z  ...,  ^,  v,  ^  ••■) 

^  df{x,y,  z...,  ^.77,  ^...)  ^^  _^  df{x,y,z  ...,  ^,  rj,  ^...)  ^ 

9ic  dy 

§  46.     We  have  then  the  following  differentiations: 
.  d  i  (xy)  I  =  —  cos  (rxxy)  dx  —  cos  (ryyx)  dy 

\{xy),  \{xy)\    ^ 

d  {xT])  =  —  sin  (tx7])  dx  +  (xvr])  dij, 
d  (^v)  =  dv  -  d^. 
§  47.     Examples. 

1.  Shew  that  d  {xyz)  =  iyzr.v)  d.v+  {z-vry)  dy  +  {xyrz)  dz. 

For  ^^  =  l(y.)  1  ^^  =  -  I iyz) \ sin  {r.vyz)  =  {yzrx). 

2.  Shew  that     d  (.ryf )  =  —  sin  {jx^  dx  +  si n  (ry 0  ^3/  +  ('^-y  C)  f^C- 

'bx  "bx 


For  ^i^  -  ^  ^-^^^  --sin  iTTt\ 


K  9C 


=(-^'^0-Cy«'C)  =  ('*'y''C)- 
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3.  Shew  that  (^7;^) -4^^  =  standard  measure  of  the  feet  of  the  perpen- 
diculars from  z  on  |,  r^,  y]  respectively. 

We  have        \  c  (£r,zf=--id  {(^2)2+ (772)2  -  2  (^s)  {r,z)  cos  (^77)} 

=  ii^)  ("1^)  -  i^^^)  {r,z)  cos  (^77)  -  (^5)  (772)  sin  (I77) 
=  measure  of  the  feet  of  the  perpendiculars  fro  m 
on  I,  v^,  77  respectively. 

4.  Shew  that       d  {$r,0  =  {v^nO  d^  +  i^vr^O  dr,  +  i^rjvC)  dC 

dCxab)         ,,  ,,,         , — r.(r.ra) 

5.  Shew  that  -^ —  =  -\{ao)\  cos  {xa ah )  ^       ' . 

^^-.    .            dixah)       d    (xab)      {ahTx)\{xa)\  +  {xab)  iiO&{rxxa) 
We  nave  — 


dx         dx  I  (xa)  I  {xaY 

=[|  {xa)  {ah)  I  sin  ( ahrx)  +  {xab)  cos  (T-a7^)]/(A'a)2 

=  [I  (A-a)  {ab)  1  sin  {( a6  xa)  +  (^  r.r)}  +  {xab)  cos  (t^;  ^)]/(.ra)2 

=  [l(.ra)(a6)l{sin(a6^)cos(^T-.t')+sin  {xd rx)  co^ {abxd)\ 

A-  {xab)  cos  (T.r^)]/(.ra)2 
=  I  {xa)  {ab)  j  sin  {xdrx)  cos  {xdab)l{xa)^ 
{rxa) 


\{ah)\  cos {xaab) 
6.     Shew  that 


(^a)2 
c^(|a^)         (;j^a)sin(«3) 


d^  sin-  (^a) 

f^(gn^)  ^  ±  J^a&l^  ^  (,.ga/J)sin(ga)  +  (^a,3)cos(ga) 
(i|  d^  sin  (|a)  sin''^  (^a) 

=  [(v^a^)sin  (^„)  +  (|,7:()cos  (^a)]  ^^ 

{p^a)  sin  (g^) 
sin2  {^a) 

^,  ,  c?  ^ ,  (rxa)  (aB)  sin  (jSv) 

7.     Shew  that       ^J^-^y)= -'—^\£^^  ' 

We  have  -r-^  (*'«^y)  =  {y^arx), 

d  ^—-  d  {xa^y) 

{y^arx)  (xa^)  +  {xa^y)  sin  (T.t;/3) 
■  {xa,d,)'^ 

{{ya)  sin  (/Sro,-)  -  {^a)  sin  (•yr.r)}  {(:g/3)  -  (a^)}  +  {(^3)  (ay)  -  {xy)  (a^)}  sin  (r.r/3) 

(A-a/!i)2 

{ya)  Qg)  sin  (r.rg)  -  {xy)  (aff)  sin  (r^r^)  +  (a.Q)  sin  (r.ry)  {(.-rg)  -  (g/S)} 

(,m.^)2 
(a3) 
■(.ra/3)2 

(T.ra)  (a/3)  sin  (/3-y) 
'  (A-a;8)2  ' 


[(/^yaro,')  -  (0y^Y.l-)] 


CHAPTER   V 

DIFFERENTIATION  OF  DETERMINATES  OF  SIMPLE  ELEMENTS 

§  48.     Suppose  E{x,y,z...,^,'r),i;...)  denote  a  determinate  of 
X,  y,  z  ...,  I,  7?,  ^...     Then  E{x',  y',  z  ...,  f,  V>  T  •••)  denotes  a 
;  determinate  near  to  E{x,  y,  z  ...,  ^,  t],  ^ ...). 
I  We  define,  as  for  simple  elements, 

j  dEix,y,z...,^,V,^:-)==E(X:y,z...,^,V,^-.)E(x,y'...,^',v'---)' 
In  general  the  results  are  quadratic  in  the  differentials  of  the 
several  elements. 

The  method  of  procedure  adopted  is  as  follows  : 
Suppose,  for  instance,  E(x,  y,  z  ...,  ^,  1],  ^ ...)  is  a  point.     Call 
it  a. 

Then  we  shall  have  two  measures  vanishing,  viz., 

/\(x,  y,z...,^,T],^...a)  =  0, 

fo_(x,y,z...,^,r],^...a)  =  0. 
Then  we  have 

^J^dx  +  pdy+...+^/^d^  +  ^^dv  +  ...  +  ^^da  =  0, 
dx  dy    -^  d^    ^      dr)     '  da 

pdx  +  f^dy+...+f^d^^pdv+...  +  ^^-da  =  0. 
dx  py  9^  07}  da 

From  these  two  equations  and  {ara)  =  0  we  eliminate  ra,  and 

so  find  d(t. 

A  direct  method  of  procedure  will  be  indicated  later. 

§  49.     To  differentiate  xy. 

Let  xy  =  ^,  then  (x^)  =  0,  (y^  =  0, 

.'.   —  sin  (tx^)  dx  +  (xv^)  dX=0, 

-  sin  (ryO  dy  +  {yv^)  d^  =  0. 
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Subtracting, 

—  sin  (tx^)  dx  +  sin  {ry^)  dy  +  {xyv^)  d^  =  0. 
Hence     \(xy)\  cos  (xy^)  d^  =  sin  (tx^)  dx  —  sin  (ry^)  dy, 

.• .  I  (xy)  j  dxy  =  sin  (rxxy)  dx  —  sin  (ryxy)  dy, 

.'.  (xyY  dxy  =  (yrx)  dx  +  (xry)  dy. 

Note.  It  will  be  seen  that  dxy  =  —  d  (xya),  where  a  is  a  fixed 
line,  i.e.  the  differential  of  a  measure,  which  explains  the  linearity 
of  the  result. 

§  50.     To  differentiate  ^rj. 

Let  fr]  =  z,  then  {^z)  =  0,  {rjz)  =  0, 

.■.— sin  {TZ^)dz +  (zu^)d^  =  0, 
—  sin  {tzt})  dz  +  (zvr))  drj  =  0. 
Now  since  (t^^)  +  {^rf)  +  {^tz)  =  27r, 

.-.  sin^  {rz^)  +  sin-  {tztj)  -  2  sin  (tz^)  sin  {rzr})  cos  (^77)  =  sin-  (^77). 
Hence     sin^  {^'q)  {dz)-  =  {zv^Y  {d^f  +  {zvrjf  {dr^f 

—  2  (zu^)  {zvri)  cos  (^7;)  d^dif], 
.'.  sin^  (I77)  (dzy  =  {^v v^f  (d^y  +  i^V^vY  (dvf 

_  -  2  i^v^^)  ihvv)  COS  (^7;)  d^  dr), 

■■■  ^^in^  i^v)  {dTvf = (p^vy  {d^y + {pn^y  (dvy 

+  2  (p^v)  (PV^)  COS  {^7})  d^dv. 

§  5L     Examples. 
L     Shew  that 

_iivzf  d'^^HP^r^)  {rjz)  d$  +  ipr,$)  {^z)  drj  +  ^iu  (^7)  {^rjrz)  dz. 
Let  ^2  =  X,  then  (|^X)  =  0,  (2X)  =  0, 

.-.    (i/^^X)  d^  +  i^vrjX)  dr,-\-{^rjv\)  d\  =  0, 

—  sin  (tzX)  dz  +  {zv\)  dX  =  0. 
Multiplying  the  second  equation  by  sin  (^77)  and  subtracting  we  have 
{v ^ V^)  d$  +  iiv  T]X)  dri  +  s'm  (tzX)  sin  ($7))  dz+ sin  ($T})  {^zvX)dX=0, 
.-.  {^i]z)d$7]z=  —{v^rjX)d^~{^vnjX)  drj  — sin  {tzX)  sin  (I?/)  dz 

=  -(v^rj^riz)  d^-{^vT}$Tjz)  dT,-sin(TZ$T]z)sin{$T))dz, 
. • .   iirjzy  dW^=  (p^r,)  {rjz)  d^  +  {pr,^)  {^z)  dr,  +  {^rjrz)  sin  (^r,)  dz. 

2.     Shew  that 

{.v?/0*  {d^C  f  =  {(yf )  iyrx)  dx  +  (.rf )  {xry)  dy)  2  +  (.rv)  2  {xypCY  d^ 

+  2  {{yCl  iyr.x)  dx  +  (.rf)  {xry)  dy)  (xypC)  {xyvO  d^ 
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Let  xyC  =  ci,  then  {xi/a)  —  0,  (f'0=0' 

.-.  iyarx)  dx  +  {axTy)  dj/  +  (iC)/ra)  da.  =  0, 
(avC)  c^^  -  sin  {raC)  da  =  0. 
Now  since  (ra^)  +  {(xy)  +  {xyTa)  =  27r, 

.-.   sin2  (raf)  +  sin^  (ra,^)- 2  sin  (ra^)  sin  (ra^sj')  cos  {xyC)  =  Hm^  (x^^). 
•••  (^3/C)^  =  (.«^)2sin2(raO  +  (-*-^'-«)^  +  2(.^yra)  |(:p?/)1  sin  (raf)  cos  (^0, 
.• .   {xyCf  idaf  =  {xyf  {avCf  {dCf  +  {(yar^)  dx  +  (a.rr^)  %}2 

- 2 {(3/ar:r) c?^  +  (a^T^)  (^y}  j {xy)\cos>  {xyC)  (avC) dC, 
.  • .  {xyCy  {daf  =  {xyf  {xyCHf  {dCY  +  { -  i^yCyrx)  dx  -f  (^^f *Y?/)  dyf 
-  2  { -  (xyCyrx)  dx  +  ixy^xry)  dy}  \{xy)  \  cos  (^0  (-^^/C^C)  ^C 
Hence  {.vy(f{d^Cf  =  {xyf  {xypCf  {d(f  +  {{yTx){Cy)dx  +  {xry)  {ix)dy]^ 
+  2  {(yr.r)  (Cy )  dx  +  (^r?/)  (f.r)  o?.y}  {xypO  (xyvC)  dC. 

3.     Shew  that 


(xyCw)-^  dxyiw  =  {wO  {yO  i^jrx)  dx-\r{icO  {^0  i^ry)  dy 

+  (xyw)  {xypO  dC+  {xyCnv)  dw. 

4.     Shew  that 

{^rjZ<^Y  {d^zcof^i^V^fiin^P^y  {dcof 

+  {(«-)  (riz)  (p^r,)  dk  +  (cos)  {^Zj  (pnO  dr]  +  {kirz)  {$rj^)  dzf 
+  2  {(0)2)  (»?2)  (^Iv)  «?^  +  («2)  (|2)  knO  dr) 


CHAPTER   VI 

DIFFERENTIATION   OF   VECTORIAL   ELEMENTS 

I  52.  In  this  Chapter  we  shall  find  the  differentials  of  the 
vectorial  elements,  iCp^,_,^,  a;^^...^^.  Having  found  these  we  may 
find  the  differentials  of  any  measures  or  determinates  containing 
vectorial  element:^. 

I  53.     To  find  the  value  of  dx^^.„^. 

Take  any  fixed  line  X,  then 

(''^pcr...oi^)  =  (*'>^)  -  2^  sin  {p\\ 
.'.  differentiating 

sin  {TXp^_,_^\)  dx^ ..  ,i  =  sin  (txX.)  da; 

+  ^dp  sin  (p\)  —  ^p  cos  (pX)  dp ; 
changing  X,  to  \„  we  have 

2 

sin  (tx^_„u,'^„)  dx^,„^  =  sin  (tx\„)  dx 

+  Srfp  sin  (p\„)  -  Sp  cos  (p\„)  dp, 

■2  2 

i.e.     cos (r^Tpd... .^X.)  dx^^,,,^  =  cos  (rxX)  dx 

+  Xdp  cos  (p\)  +  ^  p  sin  (pX)  dp. 
Squaring  and  adding 

(f^^'p(r...ci)'^  =  (dx)"  +  2dxXdp  cos  (rxp)  —  2dx'Epdp  sin  (rxp) 

+  ^(dpf  +  Ip'idpy  -  2l{dpada  -  dap  dp)  sin  (pa) 
+  2  S  (dpda-  +  padpda)  cos  (pa). 

§  54.     To  find  the  value  of  dx^^,,i,^. 
Evidently  dxp^ ...  4,^  =  c^w. 
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§  55.     Examples. 

1.     Find  the  value  of  d  \  {xp^,„u>y)  \  ■ 

{po^ ...  ^^y  =  {^yf  -  2  1  M  I  2p  COS  {xl/ p)  +  2^2  +  22p3-  cos  (per), 

.-.  I  (^■p<f...<oy)  '  c^  i  {XpT...u,:!/)\  =  \{^)\d\{xy)\-d\{.vy)\-2pG0s{xt/p) 

- 1  (a;y)  1  2  {dp  cos  (;p^  p)  +  p  sin  (,r^  p)  (c^^  -  dp)  | 

+  2  pc^p  +  2  cos  (pa)  {pdiT  +  a- dp)  +  2 pa-  sin  {pa)  {dp  -  da) 

,   ,      {vxi/)dx  +  {vyx)  d>j^       ,_   . 
^ {vxy) dx  +  {vyx) dy - ^     ^^   ^^^,^Y  2^cos {a;yp) 

t.     ,_  .  ({txi/)  dx  +  {ri/x)  dy       ,  "i  ~ 
cos  {xyp)  dp  +  p  sni  {xyp)  {  (^)2  ^  ^/^ } 

+  2p(ip  +  2  (pf^^ +  o-(ip)  cos (po-)  + 2 pa- sin  (po-)  {dp-da) 
=dx\{vxy)  +  i^j  2^ cos  (#p)  +  ^^^^^  2 ^ sin  {xyp)\ 

+  2  c^p  { -  I  (iy)  I  cos  (^PJ* p)  +  p  +  2  a-  cos  {pa)} 
p  <^ 

+  2^(/p  {|  {xy)\  sin  (^p)  +  2a-  sin  (po-)} 
p  <^ 

= c?.*  {(i/:n/)  +  2  ^  cos  (r.rp)}  4- o?y  {(i'3/A')  +  2  P  cos  (ryp)} 
p  p 

+2  c^p  {  -  {xyvp)  +  p+  2  o-  cos  (po-)} 

p  <^ 

+  2pdp  {{xyp)  +  2  o-sin  {pa)}. 
p  °" 


2.     Find  the  value  of  <^.^p(7•...aiy. 

Let  Xpa- ...  ^y  =  ^  so  that  (.^-pd- ...  ui  0  =  0)  Cv^)  ==  ^• 

.-.  (At)-psin(pO-o-siii(o-C)----=0. 
.  • .    -  sin  (t.i-0  t^.t'  +  {xuQ  d(  -  2(/p  sin  (pC)  +  2  p  cos  (pO  (o?p  -  dO  =  0, 
and  -s,\n{TyOdy  +  {yvOdC=0, 

.•.  subtracting 

-  sin  {txO  dx+sin  {ryO  dy  +  {xyC„)  dC^-^dp  sin  (pf) 

+  2  pdp  cos  {pO  -dC^p  cos  {pa)  =  0, 

•  •  •  (^C  [i-'-yCi)  -  2  p  cos  (po-)]  =  sin  (ra,-0  dr  -  sin  (rj/0  a?y 
4-  2  f/p  sin  (pf )  -  2  p  o?p  cos  (p^, 

^C[K''»-j^)K'o^('^p'^-"3/'^»~^P'^Q^(-^-P'^-"-yp)] 

=  -sin  (.r;pa-...aiyr.^;)(^^  +  sin(.i-pd-...uiyTy)d'?/ 

-  2a?p  sin  {Xp&...<iyp)  -  2  pdp  cos  {Xp6- ...a,yp)i 

■••    c/f[|(a,'j/)l(^pcr...oiJ/^>J-2p(.rpT...<u?/l'p)] 

=  -(ApT...oj;Vr,r)o?.'f+  {Xp&...^yTy)dy 
- 2rfp (.rpd  ... aij/p)  -^pdp  {Xf,& ... oiy  I'p), 
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•■•  <H[\{xy)\{{xyxy^)-^p^m  (p^J}  -2^  {(.ry  ,.p)-  2^-  sin  {avp)}] 

•2  2 

=  {{yrx)  +  2  p  sin  {prx)]  dxJr{{xTij)  -  2  p  sin  [prij))  dy 

-2dp  {{xyp)  +  2 CT-  sin  {pa)]  -2pdp  {{xyvp)  -  p  -  2  a-  cos  (pa)}. 


.'.    \Xp^ ...dy)    ClXpa- ...oiy 

=  {{yTx)  +  2p  sin  (prx)}  dx+{{xTy)  -  2p  sin  (pTy)}  dy 

-  2  {xyp)  dp-2  {xyvp)  pdp-{-2p^  dp  +  2pa-  {dp  +  da)  cos  {pa-) 
+  2  {pda-  -  o-dp)  sin  {pa). 

Corollary.     {2p^  +  22pa-  cos  {pa)}  dxxpj-,.,^ 

=  '2p^dp  +  2  pa  {dp  +  da)  cos  {pa)  +  2  {pda  -  adp)  sin  {pa). 


3.     Find  the  value  of  dxp&,.,,pur}. 

Let  ''--'p J" . . .  <^a)  f]  =  z. 

Then  (Api-...^<o«)  =  0,  (j?2)  =  0, 

.•.  (2;Pca)  +  2psin  (pa))  =  0, 
.  • .  —  sin  (tjw)  fZr  +  sin  {rxat)  dx  +  (0A'i'a))  du) 

+  2c]?psin(pa))-2pcos  (pa)  (c?p-c?(B)  =  0, 
.•.  sin  {rza  o?2  =  sin  (t^'cd)  c?^+{(0.rra))+2p  cos  (pco)}  o?co 
+  2c?p  sin  {pat)  -2pdp  cos  (pm) 
and  sin  {tztj)  dz  =  (j/tjs)  dr). 

Now  we  have 

sin^  {rzoa)  +  siu2  (t2»;)  -  2  sin  (T2a))  sin  (t^?;)  cos  ((07)  =  sin^  (a?;), 
. • .  {dz)^  sin^  (o)?;)  =  [sin  (r-rto)  0?^  +  {{zxvo))  +  2  p  cos  (pw)}  c?(» 
+  2  dp  sin  (po))  -  2  pdp  cos  (pa))]^  +  {vrjzf  drf' 
—  2  {vrjz)  dr)  [sin  (rA'o))  o?.r + {(z-ri/to)  +  2  p  COS  (pw)}  c?a) 
+  2c?p  sin  {pa)  -  "2 pdp  cos  (pw)]  cos  (t^w) 


=  [sin  {tXco)  dx  +  {(.^pd- ...  <^n)r;.'fi'&))  +  2 p  cos  (pw)}  da +  2  dp  sin  (pw) 

-  2  pc?p  cos  {pa>)f  +  {vTjz)^  dt)'^ 

—  2  {vT)z)dT)  cos  (tjw)  [sin  (tj-'w)  c/*  +  {(.rp(j-...4;uj7;.'>c<))  +  2pcos(pa))}  da 
+  2  dp  sin  {pa) -2 pdp  cos  (pw)] 

sin"*  {arj)  {dxp& ...  <<;<o J? )^  =  [si"  (r^o)  sin  (w?)  0?.^+  {  -  (a-;;)  +  2  p  sin  (pr))]  da 
+  2o?psin  {pa)-2pdp  cos  (pQ))P  +  (i/j;2)2ci?>y2 
+  2  (i/j^s)  c^r;  cos  {rja)  sin  (t/w)  [sin  (r^rw)  sin  {ar})  dx 
+  {  -  {XTj)  +  2p  sin  {pi])}  da  +  2dp sin  {pa) -2pdp  cos  {pa)]. 

4.     Reduce  .x^i^i. 


Let  XojTjZ  =  X, 

then  (.>-u,'?X)  =  0,  (772) =0. 

o?(.«;(o»7X)  =  sin  (j;X)  0?  (.^'w  »?X  ),,.  a  const.  +  (•^w  i"?X)  o?jj  +  (./.-a,7;i'X)  dX 
=  sin  (77 X)  t^(7;Xa'w),,,  Aconst.  +  (-p(oi"7^)  (^j7  +  (.i'w'?i'X)c/X, 
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.  • .   sin  (r]\)  sin  (tO^w)  dx  +  {rj^XaJ  da  +  (Xo^vi^X)  drj  +  {Xa,r]v\)  dX  =  0, 

and  sin  (rzX)  dz  —  {zvX)  dX  =  0, 

multiplying  second  by  sin  {(or])  and  adding 

sin  (r}X)  sin  (tA'w)  dx  +  irjXxa^)  da  +  {Xojvr]X)  drj 

TV 

+sin  (tzX)  sin  (aij)  dz  +  {x'uT)ZvX)  dX=0. 
.  • .    —  {Xo,r]ZT])  sin  (rxoi)  dx  —  {x^ r^zr^xw^)  da 
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+  {XuT]ZXuiVr])  dr]  —  (x^rjzrz)  sin  (cor;)  dz  +  {Xo,rjzy^  dx^z  =0. 
.•.  {Xu,r]z)'^dx^z  =  -sin  (r./'w)  (lyr)  sin  {(orj)  dx 
+  (rjz)  (r)x)  d(o  +  ipT}X(o)  (zxa)  dr]  +  {x^rjrz)  dz. 


T.  G. 


CHAPTER   VII 

DIFFERENTIATION   OF   EQUATIONAL   ELEMENTS 

I  56.  As  we  discussed  the  differentials  of  vectorial  elements, 
so  we  shall  in  a  similar  manner  discuss  the  differentials  of  eqna- 
tional  elements. 

§  57.     To  find  the  value  of  d  {2a^  {xa^)  +  a  =  0}. 
We  have  from  formula  of  §  30 

sin  (fyS)  Sa,.  cos  {ay^)  =  cos  (f/3)  5!  a,,  sin  (a,.;8), 
where  f  stands  for  Sa^  {xc^)  +  a  =  0. 

Differentiating,  with  /3  fixed, 
—  d^  cos  (|y3)  la,,  cos  (ar/3) 

+  sin  (fyQ)  [2c?ay  cos  (a,./3)  +  2a,.  sin  (a,./3)  fZa,.} 
=  df  sin  (f/3)  Sa,.  sin  (a^/8) 

+  cos  (^/8)  {2  da^  sin  (a,./3)  —  2  a,-  cos  (a,.^)  c^a,.} , 
.-.  d^  {sin  (|/8)  2a,.  sin  (a,./3)  +  cos  (|/8)  2a,.  cos  (a,./3)} 
=  2  da,,  {sin  (1/3)  cos  (a,.)S)  —  cos  (^/3)  sin  (a,./S)} 

+  Xardttr  {sin  (|/S)  sin  (a,./3)  +  cos  (|/3)  cos  (a,./3)) 
d^  2a,.  cos  (^a,.)  =  2c?a,.  sin  (fa,.)  +  2a,.da,.  cos  (fa,.), 
2  c^a,.  2  ttg  sin  (ofsC,)  +  S  a,.rfa,.  2  a^  cos  ((XsOir) 

2  a^  2  ttg  cos  («,.as) 

2  {agdor  —  ttrdag)  sin  (Oga,)  +  2  a,.^  da^-  +  2a,.as  cos  (a,.as)(d«»-  +dag) 

2  a,.^  +  2  2  a,.as  cos  (or,. a,,) 
.•.  d  {%  Ur  (xa,.)  +  a  =  0] 

2  {ardag-agdar)  sin  (o(,.otg)  +  Xa/ddr  +  2  a,.as cos  {(XrOig){day  +  c^a^) 


2  a,?  +22  a^-ttg  cos  (a,.ag) 


I 
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§  58.     To  find  the  value  of  d  [S  J  r  {^a>)  +  25^  cos  (|/3,)  =  0}. 
We  have  from  formula  of  §  34 

{tAr  (^a,)  +  tBr  cos  {^^r)  =  0    r^)  = ^- . 

Differentiating,  with  7  constant,  we  have  writing  a  for   the 
equational  point 

2  J-r  .sin(Ta7)  da 

r 

=  S  \{aar)\  sin  (aa;.7)  c^il^  +  2^,-  sin  (Ta,.7)  c?a,. 

-  XdBr  COS  (7/3,)  +  25,  sin  (7^8,)  (^/S,. 

Changing  7  to  7^, 
2  J-r .  cos  (Ta7)  c^a  =  2  l(aa,.)  \  cos  (aa;.7)  rf^,  +  S^,  cos  (m,7)  da,. 

.      r  '  r  r 

-  ^dB,  sin  (7,8,)  -  S£,  cos  {-i^,)d^,. 

r  r 

Squaring  and  adding, 
{daf.{tA,)^ 

=  2  {aarf  {dA,f  +  24,^  {da,f  +  2  (rf^.)'^  +  ^B,?  {d^,.y 

r  r  r  r 

+  2  2  I {aar)  (aag) \  dA^dAg  cos  {acTraas) 

+  22  A,,As  cos  {rarras)  da^dag 

+  2  2  dB,.dBs  COS  (0, /3s) 

+  2  2  B,B,d^,d/3s  cos  (fi,/3s) 

+  2  2  dJ.,J.sC?a,,  (aa,i;as) 

-2  2  dA,.dBs(aa,^s) 

-2  2  dA,Bsd/3s{aa,vl3s) 

-  2  2  Arda,.dBs  sin  {rar/Ss) 

r,  s 

-2  2  A,darBsd/3s  cos  {Ta,^s) 
-2  2  cZ5,5,(^/3,sin(A./8,). 

J",  s 

4—2 
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Hence  (day.(lA,y 

r 

=  1  {dA,)-  [tAh^  (arauf  +  2  S  AhAi,\  (a,.ah)  (a,.afc)|  cos  {a^Tt^ar^} 

r  h  k+k 

+  2  2  ^,5,(a,a,y8,)  +  2£r  +  2  S  B,Bk  cos  (0,0^)} 

h,  k  h  Ji+k 

+  1  dA,dA,{-(a,a,y(lAhf  +  lAh'{a,.ahy 

}•=}=«  h  h 

+  2  AhAk\(arah)(ar(^k)\  cos (u^T^Tk) 

+  2  1  A,Bk{aka,ak)  +  2^Bh'  +  4.  S  5, 5, cos (/3, /3,) 

li,k  h  Ivdpk 

+  S  ^;,2  (^cirah)'  +    2     ^ ;,  ^  fc  !  (a,  rtv,)  (asf^A;) !  COS  {a^asOk) 
h  h4=k 

/(,  k 

+  2lAh.'^dA,A,da,{lAh  (a/,a,.j/ft,.)  -  S  5;^  sin  {^hvcis)] 

h  r,s  h  •  h 

-  2  2  ^,  .  S  dArdB,  [2  Aj,  (a^aM  +  lBh cos  (^,/9,)} 

h  r,s  h  h 

-  2  2  ^7, .  2  dArBsd^s  {^Ah  {akasv/3s)  -IBh  sin  (/S/,/3,,)} 

+  {'ZAhy['E(dBry-  +  tB,-(d/3ry  +  2  2  ^,^, cos  (Ta,Ta,)da,da, 

/(  r  r  i-=^s 

+  2  2  dB,dB,cos(l3,0,)  +  2  2  B, B,d/3,d^s cos  {^, /3s) 

-  22  J.,.c^a,.(i5ssin  (Ta,./3^0—  ^  A, . da, . B gd  13 ,■  cos  {Ta,.  13 s) 

r,  s  r,  s 

-2  2  dB,B,d0s&iri{/3,^g)]. 
§  59.     Examples. 


1.     Reduce  (^2ar(^ar)  +  a=0  /3. 

Let  2ay(a7ay)  +  a=0  ^=2. 

Then  (Sa^.  (a;a,.)  +  «  =  0  ^)  =  0,  (/3z)=0. 

.-.   ^a,.{zar)  +  a  =  0,  (/32)  =  0, 
.-.  -siu(r2^)rf2  +  (2i'i3)(^^  =  0. 
. • .  2ar  sin  {(r2/3)  -  (a,./3)}  rfs  =  2</a,.  (sa,.)  +  2  a,,  (zt'o^)  dor  +  c^a. 
. • .  sin  (t0/3)  rfz  2  ttr  cos  (a,.i3)  -  cos  (rz^)  dz^ttr  sin  (a^ jS) 

=  2  da^  {zor)  +  2  a,-  (si'a,.)  rfa^  +  c?a. 
.•.  cos  {tz^)  dz  2  «.,.  sin  (a^^) 

=  (si/^)  c?/3  2  a,,  cos  (a,.^)  —  2  da,,  (za,.)  —  2  a,,  (zi/a,.)  c^a,.  -  da, 
.-.  {dzf  {2  a,  sin  (a,i3)}2  =  {(2l'^)  c?/3}2  {2  a,,  sin  (fl,^)p 

+  {(2«'/3)  0?^  2  a,,  cos  (a,.^)  -  2  da-r  {za,)  -  2  a,,  (zi/a,.)  o?a,.  -  (^«}'-^ 
=  {zv^f  dfi^  {2  a,2  +  2  2  a^ag  cos  (a^  a,)} 


+  {2  dUr  {za,.)  +  2  a^  (zvor)  da,.  +  o?a} 


2 

2  {zv^)  d^  2  a,,  cos  (a,.^)  {2  c^a^  (^^r)  +  2  a,,  {zva^)  da,.  +  o?a} , 


substituting  for  z=  2rt,,(.ra,.)  +  a  =  0  ^  we  get  the  value  of  {dz)-. 
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2.     Reduce  d{xa)-k  =  0  /3. 

We  have,  putting  {(ca)  -k  =  0  ^=z, 

{za)  =  k,  {z^)  =  0, 
.  • .    -  sin  (tzo)  dz  +  {zva)  da  =  dk, 
-sm[rz^)dz  +  {zv^)di3  =  0. 

Now     sin''^  (rza)  -r  sin2  (t-s/3)  -  2  sin  (rza)  sin  (tz^)  cos  (a/3) = sin2  (a^), 
.  • .   sin2  (a/3)  (<^z)2  =  {{zva)  da  -dk}^  +  {zvfff  d^^ 

-  2  {zv^)  d^  {{zva)  da  -  dk]  cos  (a^) 
=  {zvaf  dd^  +  (21/^)2  c^^2  _  2  (s,/a)  (2«'^)  da  d^  cos  (a3) 

-  2  (2va)  (;aftt  +  2  (zr^)  rf/Sc^^  COS  (a/3)  +C?F. 
.-.  sin*(ai3)(c?2y'^  =  ((^a)--?-  =  0  ^vaf  dd^  +  {{xa)-k  =  0  ^v^fdjS'^ 
-2({xa)-k  =  0  ^va){{xa)-k  =  0  ^v^)  da d^  COS  {a^) 
-2dadk{{x-a)-k  =  Q  ^va)  +  2d^dk  {{xa)-k  =  0  ^v^)  cos  {a^)+dk^, 
.-.  sin*  (a/3)  (6^2)2  =  {(pa 0)+X- cos  («^)}2(^a2+  {{pl3a)- k}'- d^'^ 
-  2  {(pa^)  +^  cos  (a^)}  {(iO/3a)  -  X'}  (;aO?/3  cos  (a/3) 
+  2dadk  {{pa^)  +k  cos  (a^)}  +  2o?/3c^^  {(/)^a)  -  ^j  cos  (a/3)  +  oJF. 


3.     Reduce  o?24r(|ar)  +  2^rcos(^^,)  =  0  c. 

Let  2^^(K)  +  2^rCOs(|/3r)  =  0  c=X, 

.-.  2Ar{\a,.)  +  2  Br  cos  {X^r)  =  0,  (cX)  =  0, 
.-.  2£^J,.  (Xa,)  +2^,.  (i/Xa,.)o;X  -2  4,.sin  (Ta,X)  t^«.- 
+  2  dB,  cos  (X^,)  +  2  B,.  sin  (X^,.)  ((^X  -  d^,)  =  0 
and  —  sin  {tc\  )  dc  +  {cvX)  d\  =  0. 

Multiplying  the  second  by  2 4,.  and  subtracting 

2dA,  {Xa,.)  +  ^A,.dX  {a.-cvX)  -  2^,. sin  (ra^X)  da,. 

+  -2dB,.cos{X^,)+d\2B,.iim  (X/3,)  - 2 5, sin  (X^,.)  (^^, 
+  2  J ,.  sin  {tcX)  dc  =  0. 

Whence 

(2^,  (K)  +  25, cos  (1/3,)  =  0  c)2  c^  2J,(|a,)  +  2i5,cos(|^,)=0c 
=  -  2  {ara,c){ArdAs-AsdAr)+  ^dArB,{ca,.v^,) 

r,  s  '■' « 

-2^,2(/^^.  (ra,c)+  2  ^,^3{ofa,(a8Cra,)+(;a,  {a,CTas)} 

+  2  A,.Bsdar  cos  (ra,^g)+  2  o?Z?,  J^  («sCv0,) 

r,  s  '"•  "■ 

-  2  {BrdB, -  B,dB,)  sin  0,/3,)  -   2  5, 5,  (rf/3,+rf^,)  cos  O,^,) 

r  s  '^* 


-  ^B,?d^,-  2  J,5,c?/3,(«,c^,,) 

-  (^02  J ,  {2  yl,  (rca,)  +  25,  cos  {tC^,)}. 


CHAPTEE   VIII 

REDUCTION   OF   MEASURES   CONTAINING 
FUNCTIONAL   ELEMENTS 

§  60.  We  give  in  this  chapter  formulae  which  enable  us  to 
evaluate  any  measure  containing  any  of  the  functional  elements 
defined  hy  p;  v,  r. 

We  require  the  values  of 

(rxa),  (rxa.) ;  {vcca),  {vcca) ;  (p^a),  {p^a) ;  {v^a),  (v^a). 

§  61.     Formula  for  the  evaluation  of  (rxa). 
We  have  from  §  49 

(rxa)  =  (xaY  -^r~  . 
ax 

Formula  for  the  evaluation  of  (rxa). 

We  have  sm(Txa)  =  —  —^ —  . 

ax 

Formula  for  the  evaluation  of  (vxa). 

We  have  (vxa)=  ^    \—     from  §46. 

Formula  for  the  evaluation  of  {vxa). 

/       \         d{xa) 
We  have  cos  {vxa.)  =  —    ^^7^  . 

§  62.     Formula  for  the  evaluation  of  (p^a). 

We  have  (^^0)  =  "^^^. 

a^ 

But  {^a)'-¥{v^ar={p^aY, 

.■.(pw=(?«)'+ff>i' 
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Formula  for  the  evaluation  of  (p^a). 
We  have     (p^a)  =  (M^)  =  (v^)  =  sin  (a^)  {v^a^). 

'd  i^a)' 


Now 


Hence 


{V^(X^)  = 


ip^OL)  =  sin  (a^) 


L   8^    J 
d^^a) 

.    9| 


n  =  af 


a=  af 


l(jo^a)i  may  also  be  found  from  the  formula 


!(p^a)|  =  sinH|a) 


^^  ' 


I 


but  the  sign  of  {p^oL)  cannot  be  determined  from  this. 
We  may  also  evaluate  {p^j)  from 


,    ^  ^         sin2(fa)  d   ,-r-  ^, 
^-^^   ^  sm  {oip)d^ 

Formula  for  the  evaluation  of  (v^a). 

/  y  \     d{^a) 
We  have  seen  {v^a)=      ,^     . 


See  Ex.  6,  p.  42. 


Formula  for  the  evaluation  of  {v^a). 


TT 


We  have  (I'^a)  =  (|«)  -  ^^  • 

§  6.3.     Examples. 

1.     Reduce  {r^rja). 

We  have  from  §  51,  Ex.  1, 

{^rjaf  d  It,  a  =  {p^r,)  {-qa)  d^  +  {pnk)  (^«)  dr,, 


ip^v)  {-na)  d^  +  {pr)^)  i^a)  dt) 


Wipivfde^  +  {pr,^)-dr  +  -2(p^r,)(pr,e)G0H  {^r,)  d^dr)\ 

2.  Reduce  sin  {T^r)a). 

L    d^rj    Ja  const. 
(p^rj)  sin  {rja)d^  +  {pr)0  sin  (ga)  c?^ 

"  W{p^nfdeHpi^fW+^{pMlpW<^^'^ (in) d^dnl ' 

from  Ex.  6,  p.  42. 

3.  Rediice  {vxyd). 


{vxya)  = 


d  {xya) 
dxy 


iya)  I  cos  (p^»  (to:?/)  c^.'-  +  i  ixa)  \  cos  {xaxy)  jryx)  dy  ^ 
\Txy)dx  +  {Tyx)dy       ~  ' 

from  Ex.  5,  p.  42 
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4.  Shew  that 

{pxya)'^ 

_  (<^.y)^  {^Txfdx^  +  {axif  {xryY  dy-  +  2  |  (ax)  {ay)  \  cos  {axaAj)  {yrx)  {.vry)  dxdy 
~  {{yTx)dx-^{xTy)dyY 

5.  Reduce  {pxyn). 

_   ^  ^d  {xy  a)' 
dxy 

—  I  {ya)  1  cos  {xyya)  (rxy)  dx  + 1  {xa)  \  cos  (^xd)  {ryx)  dy 

irxij)  dx  +  [ryx)  dy  

a  —  iicya 


{pxya)=-%va.{xya)\  - 
=  —  sin  {xya) 


( xy ay xy^)  (rxy)  dx  +  ixya xxy„)  {ryx)  dy 

{rxy)  dx  +  {ryx)  dy 
-  {^  ay^T^  (rxy)  dx  -  {xy  axxy„)  {ryx)  dy 

2  2 

~  {Txy)dx+{ryx)dy 

Hence  ( pxy  a)  J'"'''-^^  {ya)dx  +  {ryx){xa)dy 

'^  ''  {Txy)dx  +  {ryx)dy 

6.     Reduce  {p^rjza). 

{za)  {rfr^z)  dfr,+{fr,a)  {fr^rz)  dz 


{p^rjza)  = 


{r$T]z)d$Ti+{^r,rz)dz 

r.  ^(v^)(piv)dH(^^){Pni)dr]  ,  ,^         {^yrz)  dz 

-  iza) ■    9  .^  V r  (?'/«   •     ■    9  ,  =■   , 

sui^  (^7?) mn^  {$rj) 

_  {riz){pM  di  +  {^z){pni)dr,  _^    {iryrz)  ^^ 

sin'^  {$rj)  s,m{^n) 

{za)  {{rjz)  {  p$rj)  d^  +  {jz)  {pr,^)  dr,}  -  {jrja)  {^r,rz)  dz 

(rjz)  {p$T,)  d^  +  (iz)  {pr,^)  dr,  -  sin  {^r,)  {^rjrz)  dz 


7.     Reduce  (r.r^.oia). 


KrXn^  ,,,iaa)   dXp^  ,,,Ui \Xp(J  ...  tu^j*"  ^^^pO"  ...  tO^ 

=  {{rxa)  +  2p  sin  {prx)}  dx  -  2  (xap)  dp -'2  {xy  vp)  p  dp 

+  '2p-dp+  2  pa- (rfp  +  rfo-) cos  (pa-)  +  2  (pc/o-- 5- fZp)  sin  (po-), 

from  Ex.  2,  p.  48. 

8.  Find  the  vakie  of  (r.tp(f..,<oa). 

sin  {rXp&  ...u,a)  dxpi ..  m=  —d  {xpd  . . . oi a) 
=  d{-  {xa)  +  2 p  sin  {pa)} 
=sin  {rXa)  dx  +  S  dp  sin  {pa)  -2pdp  cos  {pa). 

9.  Find  the  value  of  {vXpd- ...  ^ww). 

{vXp,^_,^u)a)  da}  =  d  {xpiT  ...4i^''f) 
=  d  {{axu>)  +  2  p  sin  (pa)] 
=  sin  {rxa)  dx  +  {axva))  dw  +  ^dp  sin  (pw)  -  2  p  c/p  cos  (poj)  +  d<o2  p  cos  (pw) 
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10.  Find  the  value  of  {p.vij&...4uja). 

{p^P& ...  <^'(oa)  =  {.Vp&...  4<o  ^■^'p'T ...  4<oa) 
=  {v-Vp& ...4><a  a.J'p&...4uj)  sin  {aw) 

sin  (  tx  (o)  d.v  +  (ax  V  co)  d(o  +  2  dp  sin  {pa)- 2,  pdp  cos  {pm)  +  do)  2  p  cos  (pco) 
=  sin  [acoj j 

flf=aA'p(r.„</)io 

=  [siu  (r.i'co)  sin  (aw)  rf,i"  +  (o.3^p(f...<^M.^i'co)  c^w +  sin  (aw)  2o?p  sin  (pw) 

-  sin  (aw)  2  pdp  cos  (pw)  +  sin  (aw)  dw2  p  cos  (pa))]/(fw 

■     /        \    •     /     V  0?.*'        .     ,     .      (ip    .     ,      .        .    ,     .      .dp         .     , 
=  Sin  (r.rw)  sin  (aw)  -%-  +  sm  (aw)  2  ^^  SlU  (pw)  -  sni  (aw)  2  p  J  COS  (pw) 

dd)  Clbi  WW 

->r{ax)  —  {X(^ .,,4u>x)  COS  (aw) +. sin  (aw)  2  pCOS  (pw) 

,        ^    ■     ,     \  dx       .     ,     .     dp    ...        .     ,     .      .dp         ,     . 
=  sm  (rxw)  sin  (ow)  -^  +  sin  (aw)  2  -f-  sin  (pw)  -  sin  (aw)  2  p  -^  cos  (pw) 

WW  WW  WW 

+  (a?a)+2psin  {ap). 

11.  Shew  that 

( JO 2 a^ (.:ra,.)  +  «  =  0  0)  =  [2a,.2c?a,.—  2  a,.ag{day  {va^.a^fi) -\-dag{ayVagfi)} 

r  r=t=.s 

+  2  {a^ag^)  {a,.dag- agda,.)  +  a'2da,.sin  (a,./3)  — cZa  2  «,. sin  (a,.^)] 

-f-[2 a/day+  2  «,.«« {da,.  +  dag)  COS  (a,.a.,)  +  2  {a^dttg  -  a^da,)  sin  (a^a^)]. 

12.  Shew  that 

(r  2  4,  (^a,)  +  2  5,  cos  (^i3,)  =  0  c)  d  {2  J,(^«,)  +  2.B,  cos  (^^,)  =  0} 
=  —  2  {fXyCtgc)  {AydAg-  AgdA^)+  2  dAy.Bg  {ca^v^g) 

r,  s  r,  s 

-2 A,?  dttr  {TCirc)  +  2  A,.Ag  {da,.  {agCTar)  +  dag {a,.CTag)} 

+  2  A, Bgdciy cos  {Ta,^g)  +  2  AgdB,.  {UgCv^,)  - 2  {B,.dBg-  BgdB,)  sin  (/Sj-i^s) 

/■,  «  r,s  r,s 

-  2  B,.  Bg  {d^y  +  d^g)  cos  (/3,./3s)  -  2  B,?  dfi,  -  2  J  ^  5,. rf/3,.  (a, c/S,). 

13.  Find  the  value  of  sin  {r^rjT^oy). 

sin  {T$T)TC(o)d^Tj  =  -d{TC(o^r)) 

_  _   _  _       sin(^,)^ 

•••   «ill^  C^*?)  ^^'Z •  sin(r^^rfw)=  -[{{v^riTCw)d^  +  {^vr)TCw)dni)sin{^r}) 

_  +  {$r,rCw)  cos  {^rj){d^-drj)] 
_  =sin  (Tfw»7)^[(^^J7)  0?|-sin  (rfw^)  {pr]^)  drj], 
.'.   sin^  (^r;)  d^Tj  sin2  (fw)  c^^w  sin  {t^tjtCo)) 

=  -sin2(Cw)  [c^  (fwr,)  {p^yi)d^-d{C^$)  {pr^^)  dri] 

=  {p^v)  d^  {(pC«)  sin  (wv)  ^C+Cp^O  sin  (Cv)  '^'^l 

-  (P'?^)  o?>;  {{pCw)  sin  (w|)  c?f +(/>wO  sin  (f^)  (/w} . 
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14.     Find  the  value  of  sin  (jXpTy&j. 

sin  {rXpTij^)  dx^=  -  d  (ry^Xp)  =  -]-d{  —  {ri/dx)  +p  sin  (pTi/a-)} 

=  sin  (txti/&)  dx+dp  sin  (pri/a)  -  pdp  cos  {pTy&), 
.-.  sin  {T.v^Ty&)  dx^dy^  —  dxd  {j/&rx)  -  dpd  (i/^p)  —  pdpd  {yopii) 
=  dxd{{yTx)  +  a-  sin  {otx)}  —  dp  d  {{yp)  +  a-  sin  (o-p)} 

-pdpd {{ypr^  +  o-  cos  {pa)] 
=  dxdy  sin  {TXTy)  +  dxda-  sin  (rxa-)  —  dy  dp  sin  {ryp) 
4-  dx  order  cos  {rX(T)—ypdp  cos  (ryp) 
+  (pc^a-  +  pa-c/po?o-)  sin  (pa)  +  {d pa- da  —  pdp  da)  COS  (ptr). 

I  64.     We  may  now  differentiate  determinates  in  a  straight- 
forward manner. 

The  formulae   used  are  those   of  examples   1    and  5  of  §  63, 
which  are  of  a  reciprocal  character,  viz., 

(.ri/f  dxy  (p^a)  =  {Txy)  (ya)  dx  +  {ryx)  (*•«)  dy  . .  .(B). 

We  consider  determinates  of  six  letters ;  this  will  be  found  to 
be  quite  general. 

First,  consider  the  line 


xy^a^c. 


Now     {xy^a^cf  dxyt,a^c 


=  (xy^a^y-  [{rxy  ^a^c)dxy^a^  +  {xy  ^a  ^  tc)  dc\ 


=  (xy^a^y  (rxy  ^ a  ^  c)  d  xy  ^ a  i3  +  {xy^a/3)  (xy^a^rc)  dc 


=  (xy^ay  [(pxy  ^a  /3)  (^c)  dxy  ^a  +  (p/3xy  ^a)  (xy  ^a  c)  r/^] 
+  {xy^a^)  {xy^a&Tc)  do  by  (A), 

=  i^c)  {xy^af  ( pxy  ^a  ^)  dxy  fa  +  (xy^ap^)  (xy^ac)  d^ 

+  (xy^a^)  (xy^a/Src)  dc 
=  (xyO'  (/3c)  [(rJf^a)  ((^/3)  rf^  +  (^ra)  (^^)  da] 

+  (xy^ap^)  (xy^ac)  d^  +  (xy^a^)  {xy^a^rc)  dc  by  (B), 
=  (xy^y  (c/3)  (M  (rWla)  d^^  +  (c^)  ^yx)  (ra^yx)  da 

+  (p/Sa^yx)  (ca^yx)  fZ/3  +  (xy^a^)  (xy^a^rc)  dc 

=  (xyy  (c/3)  (M  [(p^o  (r«)  f%  +  im>0  (^«)  dn 

+  (cy8)  (Q^yx)  iraKy-r)  da  +  ip^a^yx)  (ca^yx)  d^ 
+  (xy^a^)(xy^a^Tc)dc  by  (A), 
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=  (c^)  (/3cO  {aO  i^-yy  (p^O  f%  +  ic/3)  (ySa)  (ayx)  (p^yw)  d^ 
+  (c^)  (/3^yw)  (ra^yx)  da  +  (p^a^yx)  {ca^yx)  d/3 
+  {ory^alB)  {xy^a^rc)  dc 

=  (c/3)  i^a)  {aO  [{rxy)  {yO  d.r  +  (ryx)  {xi;)  dy] 

+  (c^)  (^a)  {aya:)  (p^yx)  d^+  (c/3)  (^^yx)  {ra^yx)  da 
+  ip^al^yx)  (ca^yx)  dfi  +  (xy^a^)  (xy^a/Src)  dc  by  (B). 

=  (c/3)  i^a)  (aO  i^y)  {yrx)  dx  +  {c/3)  (/3«)  (aO  ^  i^ry)  dy 
+  (c/3)  {M  (ayx)  (p^y,j)  d^+  (c/3)  (/3^yx)  (ra^yx)  da 
+  (p^a^yx)  (ca^yx)  d/3  +  (xy^afi)  (xy^a^rc)  dc. 
A  rule  is  clearly  discernible  :  take  the  letters  in  the  reverse 
order  of  that  in  the  determinate  :  viz.  c,  0,  a,  ^,  y,  x. 

To  write  down  the  coefficient  of  dx,  replace  x  by  rx,  and  we 
have  c,  /3,  a,  ^,  y,  rx. 

Then  the  coefficient  is  the  product  of  pairs  in  the  same  order.  . 

The  coefficient  of  dy  is  got  by  interchanging  x  and  y. 

The   coefficient   of  d^  is  got  by  writing  j^^  for  ^,  the  letters 
becoming 

c,  /3,  a,  p^,  y,  X. 

We    form    pairs   in   order  of  all   the   letters   before   p^\    and 

afterwards  with  the  letter  before  p^  form  the  measure  of  all  the 

-    letters  succeeding  p^.     The  last  component  in  the  coefficient  is 

W  the  measure  of  pt,  with  the  letters  following  p^.     And  similarly 

for  the  others  ;  with  the  exception  of  the  coefficient  of  dc  which  is 

P   easily  written  down. 

It  is  easy  to  shew  that  the  coefficients  in  a  line  determinate  of 
odd  number  of  letters  as 

(^r]zabydy'd  ^Tjzah'yd 
follow  a  similar  rule. 

Next,  we  consider  a  point  determinate,  namely. 


^7)  z  aby 


( ^tjzabyY  {d ^rjzab yy 


(^'qzaby  [(p  ^rjzab  y)"  (d  ^i)  z  aby  -r  {^r]  z  ab  p  yf  {dy)' 


+  {p^r)  zaby) (^1]  zocb py) cos  {^tj zaby)d  ^t]  z  abdy]. 
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This  we  can  reduce  if  we  reduce 


{^r)zabf  {p^r]zaby)d^'nza h. 
This  is  equal  to 


( ^^^a  f  [(t ^Tjzah)  {by)  d  ^t]  z a  +  (^r)  z  arb)  (^r)  z a 7) db] 


=  (h)  i^V^f  [(P bizoi)  (ab)  d  ^7)  z  +  i^'n  z  pa)  (f  7;  z  b)  da] 

+  (^rjzoLTb)  {^7]zaj)  db 
=  (76)  (ba)  sin^  (^77)  [(rfn^)  (^a)  (^fn  +  (fnrz)  ( ^v<^)  dz] 

+  (76)  (bzr)^)  (jjazrj^)  da  +  (yazTj^)  ( rbaz-q^)  db 
=  (76)  {ba)  (az)  {zrj)  (vp^)  d^  +  (76)  {ba)  {az){z^)  {^pv)  dv 

+  (76)  (6a)  {ar]^)  {rzrj^)  dz  +  (76)  {bzT)^)  ( pazr]^)  da 

4-  (yazi]^)  {rbazT]^)  db. 

It  is  easy  to  see  that  the  same  rule  holds  good,  as  in  the  case 
of  line  determinates.  Hence  the  differentials  of  determinates  of 
simple  elements  may  be  written  down. 

§  65.     Examples. 
1.     Shew  that 


^  d  ^ 

=  (a„«„)(a,ja„_i)(a„_ia„_i)  ...  (a.^a^)  (a^ai)  (airx). 
2.     Shew  that 


(^aia,ao...o„_ia„_i)2(p|aiaia2  ...  a„  _i  o„  _,  a„)  ^  ^ai  ttj  oo  ...  a„_ia„_i 

=  («„_ia„_i)(o„_i«„_2)  ...  ia->f'i)('(ini)  (aiP^)- 
3.     Shew  that 


(|aiaia2  ...  «„_ia„)2  (r  |a,  «,  02  ...  a„_ia,ja»)  -7>  ^"i  f^'i  "2  •••  <^»-i  "-' 

=  («»fl„)  (n»«„-i)  ...  (n2«l)  («l«l)  («ii?^)- 
4.     Shew  that 


(xai  oi  aa  . . .  a„  _  1  n„  _  i)^  (r  .r«i  aj  02  . . .  ««  - 1  o„  _  1  «„;  -j-  .Tai  oj  oro  . . .  a„  _  1  a„  _ , 
=  (a„a^)  (a„r/„_i)  ...  (rtoa,)  (a, a,)  (ajr^). 


64,  65]  EXAMPLES  61 

o.     Heuce  reduce 


{.t\~V2^l.Vi^2...  ^„_l.»-„+i)2  (/^X-i^2ll"^3l2  •••  l»  - 1  ^'-'h  +  1 1»)  O^-^'l  .^2  ^1 -^3  •  •  •  L-l^'n  +  l 


(Ill2*"l^3''^'2  •••  l)r*"ft-l)-  (^»  ^1^2 -^1^3 -^2  •••  ^n-^'n-  1  ^m  +  l) '^^^2  ■^'l  ^3  ...in^n-l 


(lll2^ll3-«'2  •••  -i'a-l  lft  +  iy-^(T^1^2''«^l  ^3  •  •  • -^^n  - 1  l^»l  +  1  ■*»)  d^lki'^l  &  •••■^"^-l  L  +  1 


6.     Shew  that 


{xa^ai  ...  a,j_ia„)2— .raiai«2  ...  n„_i  ««  =  (rt„a„_i)  (a„_i  ««_i)  ...  (ajOi)  (riTir./;), 


and     (^ai  ai  . . .  a,^ a„)"^  ^  ^tij  r? ,  02  . . .  a„  a„  =  f f/^,  a„)  {a„  «„  _  1)  .  •  •  (<'i  a, )  (ai/?^). 


7.     Reduce    -=-  Lvai  aj  ...  a,i_i  a,;  h). 
ax 


d  {xa'i  ai  . . .  a„ _  1  «„  b)  =  {v  xa^  ai  . . .  a,^ _  1  a,,  &)  (i? xa^  oi  . . .  a„  _  1  0!„ 


■■{bp xai  a-i ...  a^i-i  a^^ai  oi  ...  a,i,_]  f'„ff)  c^.i?«]  ax  ...  a«_i  tiji 


=  {{h  xai  ai  . . .  a„ _  1  a„  rr)  -  (p  .mi  oj  . . .  n„  _  1  a„  .mj  oj  . . .  a„  _  1  «„  n-)} 
2  2 


X  d xai  oi  ...  a,i_i  ttjj 


•.   (A«iai  ...  (i„_i  a„)'^  J-  (.rajai  ...  a„_i  '(„  h) 


{bxaiai  ...a,(_j  a„5-)  (a,,a„_i)  (a„_ia,,_i)  ...  (ajai)  (t/iT.r) 


-  (j;aiai...  a„_ia„,uan)  («HaH.-l)  («n-l«M-l)  •••  ("l«l)(«l^-^') 


=  (a„a,,_,)(aH-i««_i)  ••.  (ai  «!)(«! r^)  [  (6«„)  |  COS  (6a,ja'ai  aj  ...a„_i«J 


8.     Reduce  -^  |(A'aiaia2...a„a,j&)| 


(.rai  ai  . . .  anCLn)^  d  \  {xai  a^  a^...  an  «„  h)  \ 


—  {xai  «i  •  •  •  «)i  flii)'^  C(KS  (r  .rai  ai  a2  •  •  •  «« On  -^^^  1  «i  %  •  • .  <^n  thi  b) 


X  o?a;aiaia2...a,ja,j 


=  -  cos  (xa^  ai  a.,...  a„  a„  b  n„)  (fl„rt„)  {a„  a„-i)  .-■  {a^aj)  (ai «])  (air:?;)  c/.r. 
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9.     Reduce  —  (.rai aia-^  ...  «» o,( 0). 


{.va^aia.2  . . .  a„ aj-  ^_  (^fli  ai  «£  •  •  •  ««  «« /3) 


=  —{xciiai  ...  anCinf  sin  (r.raj  aia2  •••  (^n^n^)  dxa^  ai ...  «„  a„/ d.v 

=  sin  (/3a„)  (a„a„)  (a„a„_i)  ...  («2ai)  (ai«l)  (^it^)- 


10.     Eeduce  -tt  (^«i  «i  aj ...  «„ _ i  o„ 3), 


(|ai  «!  a2  . . .  «,i  - 1  a,,)^  (/  (|ai  «i  02  . . .  ««  _  i  a,i  3) 
=  sin(i3a„)(a„a„_i)(a„_ia„_i)  ...  (a2«i)  («i'-|ai)  c?^ai  sm2  (^Oi) 
=  sin  (/3a„)  (a,ia„_i)  (a„-ia„_i)  ...  (aoffi)  («ini)  (ai/?|)  oJf 


11.     Reduce  -^1  (^aiCfioa  ...  a„_ia„6) 


(^ai«ia2---«ji-iam)^0^i(l«i«ia2---«H-ian&)| 


-  cos  (^ai  «!  a2  . . .  a,i  _  1  a„  6  a,()  (a„  «„  _  1)  («„  _  1  a„  _  1)  . . .  (a^ ffi) 


■  COS  (^ai  aj  02  •  •  •  ««  - 1 ««  ^  ojj)  (a«  «ft  - 1)  («H  - 1  On  - 1)  •  •  •  («i  ai)  («i  PO  ^1- 


12.     Reduce -^  (|aiaia2  ...  a,iCf„  5). 


(^ai  ai  ao  . . .  a„a,i)^  c?  (|ai  «!  02  . . .  a„  ««  ^>) 


=  («»am)  (a»««-i)  •••  («2«i)  (ai«i)  |(Ki)l  COS  (6a„^ai  «!  ...  a„a„) 


=  {anan)  {onCin-i)  •■•  («2ai)  (aitti)  !(&««)  1  cos  (6a„|ai  «! ...  a„a„)  (aip|)  d^. 


CHAPTER  IX 

GENERALIZED   DISPLACEMENT   OF   A   POINT 

§  66.     In  the  foregoing  we  have  supposed  that  the  consecutive 
position  x'  of  a  point  a:  is  given  by 

We  shall  now  consider  the  most  general  case,  viz. 
§  67.     To  find  dx. 

{ox)-  =  (a'^Vi  X,  SiX;T2X,  S2X...TnX,  S„a,•)^ 

.•.  (dxy  ^  l,{di.x)-  4-  2  S  drX  duxcos  (ryXTsx). 
§  68.     To  find  drx. 

CLtX  =  ClO[;XT^x,SlX■,T2X,S■2X...T„x,SnX> 

.•.  drx  (dx)-  =  ^{drXfdT,.x  +  2  d,.xdgX  {dz,.x  +  drgx)  cos  {ryXTsx) 

+  2  {d,.xd^x  —  dgxd/x)  sin  {TrXTgx), 
from  corollary,  Ex.  2,  §  55. 
This  gives  drx. 

(ajTCC 

Defining  px  as  —^ —  we  have 


px  =  {2  {d,.xfdT,.x  +  2  dyxdgX  {dT,.x  +  drgx)  cos  {TrSorgx) 

■      •  +'^(drXds-X  — dgXd,^x)  sin  (TrXTsX)] 

r,s 

■^  {2  (drxf  +22  d,.xdsX  COS  (T,.a;T««)}2. 

j  69.     To  find  (vxa). 

,       .       ]    -r      (a;'a)^  —  (xaY 
2^;-*^./        \{ocx)\ 

^      J      {'^Tix,SiX;  T2X,S<iX...T„x,S„x(^)''  ~  i^Cl) 

^  x-^-x'  \\XX  )\ 

=  —  2  dfX  \{xa)\  COS  {xdT,.x)/dx, 
.'.  (vxa)  dx=  —  ^  d,.x  (xaVfX) 
(vxa)  dx  =  ^  (''Cy^.xa)  d,.x. 
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§70.     Tojindirxa). 


{txci)  dx  =  (xafdxd  =  (xaf  (xaxT^x,&iX  ...Tnx,&„xC) 
,-.  (rxa)  dx  =  \{ax)\  2  dyX  sin  {axTrX) 

=  2  drX  (aXTrX), 

.•.  (rxa)  dx  =  ^  drX  (Xj^^a). 

Whence  it  is  easy  to  see  that  any  complex  measure  involving 
the  generalized  displacement  can  be  reduced. 


PLANE  CURVES 


CHAPTER   X 

REDUCTION   OF   COMPLEX   FUNCTIONAL   ELEMENTS 

§  71.     We  have  the  simple  functional  elements 

TX,  vx;  p^,  v^, 
where  x,  ^  have  successive  positions. 

Complex  functional  elements  are  as  such, 

prx,  rp^,  VTX,  vvx  or  v^x,  pv^. 

For   the  reduction  of  these  we   have  to    make  some    initial 
assumptions. 

Assuming  pTx  =  x, 

■rp^  =  t 
we  may  find  the  values  of  the  others. 

These  define  the  geometry  of  plane  curves. 

For  if  X,  x',  x"  be  three  consecutive  points  on  a  curve 

tJb    JuX     y      \   iiL  )      Ji/  X      , 


.' .    pTX  =  TX  (tx)'  =  X. 

Similarly  for  curves  defined  by  a  line  variable. 

We  proceed  next  with  the  reduction  of  other  complex  elements. 

We  make  the  following  definitions, 

drx     dvx 
dx        dx 

d^       P^' 
so  that  px .  pTX  =  1. 

of,  —  is  called  the  radius  of  curvature  of  the  curve  at  its  line 
px 

^  or  point  x. 

T.  G.  5 
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It  is  essential  that  the  order  along  the  curve  in  which  its 
points  take  up  successive  positions,  should  be  definite :  this 
ensures  a  sense  for  tx. 

§  72.     (i)     We  have  vtx  =  {pTx)^^  ="  ^.x  =  vx. 

(n)     {v'^xa)  =  -^ '-  =     \  "^ 

^    ^  dvx  dvx 

_  d  (axvx)      sin  (txvx)  dx  +  (axv-x)  dvx 
dvx  dvx 

= \(ax)\  sin  (o^ra;) 

px      '         ' 

= (axTx), 

px 

:.  (v'-xa)  = (rxa). 

px 


Corollary. 

(v^xx)  =  — . 
^         ^     px 

(in) 

(jyvxa)  =  (vx  v'-xa) 

=  (v^xavx)  sin  (avx) 

=  \—-  —  (T.ravx)y  sin  (avx) 

=  —  cos  (arx)  +  (txvxol), 

,  X      ,     X      cos (txo) 

.'.  (pvxa.)  =  (xol)  ^ ^ . 

•^  px 

Hence  pvx  =  x^x,  1  • 

'  px 

(iv)  vp^  =  vrp^  =  ;'f . 

_  d  (ap^v^) 
~~        dvf~ 

_  sin  (tj)^v^)  dp^  +  (ap^v-^)  dv^ 
~  d^ 

=  P^-(ap^^), 
.-.  (v^^a)=p^-(^a). 
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(vi)  ipv^a)  =  {v^v'^^ol)  =  {v-^ou^ )  sin  (olv^) 

=  |0^  cos  (|a)  +  (|i^|a) 
{pv^a)  =  ip^oc)  +  cos  (^a)  p^. 

§  73.     Examples. 
1.     Shew  that 

(„2n|a)=p(2"-2)^-p(2"-*)|+...+(-)»-V^  +  (-)"(^«), 

We  have  («'^|a)  =  p6-(^«)> 

diflferentiating  {v^$a)=  -{via)+p'$, 

and  (r*^a)=-(r2|«)  +  p"| 

(r6^a)  =  p|-p"|  +  p'^-^-(^«). 
Hence  the  general  formula. 
Again  {v^^a)=  -  (v^^a)  +p"'| 

=  -p'|  +  p"'^  +  (v|«), 

giving  the  other  general  formvila. 

2.  Reduce  (pv^^a). 

{pv'^ ^a)  =  {pv .  v^a)  =  {pv^a)  +  con  {v^a)  pv^ 

=  (p^a)  +  COS  (^n)  p|  +  sin  (f  i)  P'l- 

3.  Shew  that  pi^»^=P<»)|, 


4.     Shew  that 


Hence  shew  that 


(p.."^a)-(p.'»-i^a)  =  p("-l)|cOs|(«-l)^-(^a)|. 

that 

(p,."^a)  =  (p|«)+p(»-i)^cos  |(„  _l)|_(|a)| 

+  p(«-2)|cos|(«-2)|-(^a)l 

+  etc.  etc. 
We  have 

(pi'"^a)  =  (/»i/.i'"-l|a)  =  p("-i)^COS(i'''-i^a)  +  (iOi^""'^a) 

=  ( />v«-i  ^a)  +  p(»  - 1)  ^  cos  Un  -  1 )  ^  -  (^a)  i  . 


5—2 


68  REDUCTION   OF   COMPLEX   FUNCTIONAL   ELEMENTS  [X 

5.     Find  the  values  of  (i/^"-  U-a),  {v^'^xa). 
{v'^^xa)  =  ( i^  -"  - 1 .  vxa) 

\px'  dx)        \pxj      \pxdxj         \pxj 

\px  dxj  \px)  px  " 

iy-'"'-^  xa)  =  {v'^''--'  .vxa) 

\pxdx)         \px)      \pxdx)        \p'v) 


px     ^     ' 


6.     Find  the  vahie  of  ( pv'\va). 

{pv'Kva)  =  {pv'^~'^vXa)  =  {pvXa)  +\-f-)        pvXCOH  l{n  —  2)--  {vXa)y 

px  \pxdxj       \pxj         ['         '2     '       '\ 


CHAPTER   XT 

SUCCESSIVE   DIFFERENTIATION   OF   MEASURES 

§  74.     We  propose  to  find  the  successive  differentiations  of  the 
measures  of  two  elements  containing  one  variable  element. 

§  75.     (i)     Successive  differentiation  of  j  (xa)'-. 

=  1  —  (rxa)  px, 

=  —  {pxf  (yxa)  —  p'x  {rxa), 

2  {d^  ^^^^'  ^~dx  K^^^X/'^')'  +  (rxa) p'x] 

=  —  (pxY  (v-xa)  —  opxp'x  (vxa)  —  {rxa)  p"x 
=  —  (px)-  +  {{pxf  —  p"x]  (txii)  —  Spxp'x  {vxa), 

9  ( /7~. )  (''^^0'  =  ~  2pxp'x  +  px  {(pxY  —  p"x]  {vxa) 

+  [^{px)-p'x-p"'x]  {Txa)-\-opxp'  x[l+ px{rxa)] 
—  3  {{p'xf  +  pxp'x]  {vxa) 
=  —  opxp'x  +  {{pxy  —  4!pxp"x  —  3  {p'xy]  {vxa) 
+  [6  {pxy  p'x  —  p"'x}  {rxa). 

And  generally,  ^[-r-j    i^a)'^  =  ^  n.  {rxa)  +  Bn  {vxa)  +  Cn , 
where  A,  B,  C  are  polynomials  of  px,  p'x,  p"x  ...,  and 

An-\-i  =  An   —  BnpX, 
Bn+i  =  Bn  +AnpX, 
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(ii)     Successive  differentiation  of\(xa)\. 
d  ■      {vxa) 

-J—    {XCl)   —  —/       V  y 

dx^       ^ '      { {xa)  I 

f^  \- ,         l_  d  [{yxa)\  _  px  {v- xa)  (vxa)- 

dxj         ^^     dx\\{xa)\}         \{xa)\  \(xa)\^ 

_  1  —  px  (rxa)      {vxay 

\{xa)\  \(xa)\^' 

( dV                   p'x{rxa)      {pxY{vxa)  ^{vxa) 

\dx)  '^     ^'~        K^fOi             K^'^Ol  ('^fOI* 

^px  {rxa)  (vxa)  3  (vxaf 

\{xa)f  i(^fOi^  '        • 

(^  Y  \(a^a)\  -iP^-  _l^+(rxa)\-  ^   +  W  _  J^ 
W'^     ^'~i(^a)l      \ixa)f^^     ''^\     \{xa)\^  \(xa)\      \{xa) 

.  Spxp'x      ,       ,  ,       .    4<px 
-  (vxa)  77--^  +  (rxa)  {vxa)        ., 


18/9a;       15(j;«ay 


(iii)     Successive  differentiation  of  (xa). 

d(xa)  . 

-^  =  -  sin  (rxa), 

\dx)  ^'''^^  ^~dx  ^^^"  ^'^'^''"'^^  "  ^*"  ^^^  ^'^■^'"'^' 

=  /o'«  COS  (rxa)  +  (pxy  sin  (rxa), 

d  Y 

^  \  (xa)  =  p"x  cos  (raja)  +  Sp'xpx  sin  (ra^a)  —  (pxy  cos  (ro^a) 

=  |/3"j;  —  (pxy)  cos  (Tc-ra)  +  Spxp'x  sin  (xira), 
f -J- j  (^a)  =  -  T-  {(/o^)^  -  p"^l  cos  (rxa)  —  [(pxy  -  pxp"x\  sin  (rxa) 

+  3  ^  (pxp'x)  sin  (rxa)  —  3  (p«)^  p'a;  cos  (rxa) 

=  {6  (pa;)2 px  —  p"'oc\  cos (Tica) 

+  sin  (rxa)  ['^pxp'x  +  3  (p  x)-  —  (pxy\. 

/  d  \" 
And  generally,  f  ^  j   (xa)  —  A^  sin  (ra-a)  +  J?,,  cos  (rxfx), 

where  A,  B  are  polynomials  in  px,  p'x,  p"x ...  and 

AnJrX  =■  An   ■\-  BnpX,      Bn+i  =  Bn   —  A^pX. 
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(iv)     Successive  differentiation  of{^a). 

~dr  ~  ^^^' 

and  generally, 

|)"(f«)=(^»f«), 


(v)     Successive  differentiation  of(^a). 

J(W=-i. 

Hence  ij^j  (|^a)  =  0,  h  >  1. 

Thus  we  see  that  we  have  general  expressions  for  the  nth 
differentiations  of  the  measures  of  two  elements  in  which  the 
variable  element  is  a  line.  In  some  cases  this  renders  the  line 
more  useful  as  a  variable  than  the  point. 

It  will  be  seen  in  the  next  chapter  that  both  (fa)  and  F  {(fa)} 
can  also  be  integrated  in  known  quantities. 

§  76.     Examples. 

1 .     Find  (^'  {xajB),  m  =  1 ,  2,  3. 

(  d\^ ,_       d  {rxa)  _       p.v{vxa)      2{TXa)  {yxa) 

\dx)  ^^'"'^^  ~  'dx  (^2  =  -      (.^a)2     +         J^i         ' 

/  d\^  , ^,  p'xiyxa)     px  {\  —  px  (Txa)\      2px(vxa)^ 

\dxj  [xay  {xay  {xa}* 

2px{vxay^      2  (rxa)  {1  —  px  (rxa)}      8(Txa)(vxay 
"•■      {xay      ■*"  ~(^*  ■•"         (xaf 


px       ,       .  f  px'  2    \      .       .    px 

{xaf     ^       '  \{xaY      {xa)^]      ^       '  {xaf 

^px  {vxay      2px{Txa)-      8  (rxa)  (vxa)'^ 
■^  ~(^^)*  {xay      "^         {xaf         ' 
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2.     Find           "               (^0'(|^/3),  ,i  =  1,2,3. 
We  have  ^  (|a^) ,ii,2(^„)      ' 

sin'^(ga)-(^ga).2cos(ga) 
^  '^^  sin^da) 

.     ,   .,    sin2(ga)-2(y|a)cos(ga) 

/'^y  (1^^)  =  sin  (a^) .  {4  sin  (^a)  cos  (|a)  -  2  (p|a)  sin  (|a)}  sin  (^a) 

{sin'^  (gg)  -  2  (y>|a)  cos  (gg)} .  3  cos  (ga) 
■*■  sin-*  (^a) 

=  '^"l^.fx  [7  sin2  (|«)  cos  (^a)  -  2  (p^a)  {1  +  2  cos^  (^«)}]. 


CHAPTER   XII 

INTEGRATION   OF   MEASURES 

§  77.     We  defiiie  integration  as  the  inverse  process  of  differ- 
entiation.    Thus,  for  example, 

We  have  with  the  usual  symbol  of  integration, 


/' 


If  C  be  a  constant 

§  78.  Integration  ma}'  as  usual  be  defined  as  the  limit  of  the 
sum  of  a  series.  For  the  integrand  being  an  algebraic  quantity 
we  must  have,  if /(^)  be  a  function  of  absolutes  containing  ^,  that 

ff{^)d^=  L  [/(a)+/(ai)+...+/(a«or/3);/«, 
where  h  =  {aa,)  =  (aiO.,)  =  . . .  =  («„_,  a  J  =  ^—^  ;  a,  /3  are  the  limits 

it' 

between  which  |  takes  all  values. 

§  79.  In  the  foregoing  it  is  generally  necessary  to  suppose 
that  ^  envelopes  a  curve,  and  so  also  when  we  consider  the 
integration  of  measures  of  a  variable  point,  we  have  in  general 
to  suppose  that  *■  traces  a  curve. 

We  have  as  before 

^Jf{x)ch  =/(■'■), 

and  [  /(./•) d/-  =  L  {/(«)  +  f{a,)  +  ...  +/(«.  or  h)]  h, 
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where  h  =  ]  {aa^)  \  =  \  (ajO.,)  i  =  . . .  =  |  (dn-i  an)  \ 

_  length  of  curve  from  a  to  6 


n 


§  80.     Integrals  of  measures  of  elements  containing  a   point 
variable  : 

I'n 

(1)  I     dx  =  length  of  curve  from  m  to  n. 

J  m 

For  the  indefinite  integral  we  shall  write 

I  dx  =  lin  X. 

(2)  I    {tmi)  da:  =  (amn)  +  the  area  of  space  between  ttTTI  and 

the  curve  from  m  to  n. 

For  the  indefinite  integral  we  shall  write 

I  (rxa)  dx  =  seg  x. 

(3)  I  (vxa)  dx  =  I  {xaf. 
From  which  we  have 

(4)  I  (vxa)  0  !(«a)!  (^a;  =  I  ^  </> (y) dy,  wJiere  y  =  \(xa)\. 

For  _gjy^(y)<;y=^l^-jy*(y)rfy 

(r.m)    I       x,  ,./     SI 
=  r  •  \{^a)\  d)  \(xa)\. 

{xa)\    :^     ^'^'^     ^' 

(5)  I  sin (TA-a)  ^  (xa) dx=  —  j  (p  {y)  dy,  where  y  =  {xa). 

-n        d    f  ,  /  \  1        d(xoL)  d    f  ,  ,  .    ,  .     ,        V   ,  /     V 

^^^"  d^]'^^y^'^'^=~d^dy]'^  ^-^^  '^^ = -  ^"^  ^""""^  ^  ^•"«^- 

(6)  j  ^^o  0  (^^)  f^-*'  =  -J4>(y)  (h>  where  ^  =  (.m^). 

For  ^y>(,).,='™|/,(,).,=-f,«. 

(7)  I  (.ra)  cos  (Ti»a)  £?«  =  trapezium  {mna)  +  seg  x. 

J  m 
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Jr^ 

.'^---' 

vy^ 

V 

P' , 

This  we  prove  by  the  summation  process.  Let  m,  n  be  two 
points  on  a  curve.  From  points 
on  the  curve  draw  ordinates  to  a. 
Let  j;  be  a  point  on  the  curve,  x  a 
consecutive  position.  Let  p,  p'  be 
the  feet  of  the  ordinates. 

Then  it  is  easy  to  see  that,  since 
dx  cos  {txcl)  =  I  {pp)  I , 

(*•«)  cos  {txo)  dx  =  trapezium  (mna) 

+  area  between  (mn)  and  the  curve. 
Hence  the  indefinite  integral  is 

I  (xa)  cos  (txo.)  dx  =  seg  x. 

(8)     From  (6)  we  have 

\^y^  sin  (5Ja/3)  dx  =  —  I  sin  ydy  =  cos  y  =  cos  (xd^), 
J  (xa)-  J 


(rxa) 


\(xa) 


3  {(a^)  -  (x^)]  dx  =  cos  (xd^). 


If  (a/Q)  =  0,  we  may  put  ^  =  ab,  and  we  have 

[{Txa)(xab)  ,  ,     ,   ,        ^——fs 

- — , .     M,      dx  =  —  \{ab)\  cos  (xaao). 

J       \(xa)\^ 

(9)     Again  from  (6)"  we  have 

=  —  log  tan  ^y, 


I 


I 


{xaf  sin  (xa^) 
(rxa)  dx 


\(xa)\  {(a^)  -  (x^)} 
From  which  we  have 

1'    (rxa)  dx  1 


\(xa)\{xah)      \{ab) 
(10)     We  have  also  from  (6) 
(txo)        dx 


=  —  \ogtan^(xa/3). 


log  tan  ^  (xaab). 


1  (a-^ 


ay  sin^(xafi) 


=-/ 


cosec"  y  dy  =  cot  y  =  cot  (xa^), 


from  which 
and  therefore 


(rxa)  dx 


=  cot  (xa^), 


f  (Txa)  dx        1        ^, ^^, 

-? — T\r  =^-j^^  cot  (xaab). 
J     {xaby        (aby 
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(11)    I  {(rxa)  —  {rxb)]  <f>  (axib)  dx  =  I  </>  (2/)  dy,  where  y  =  {xa    h 

For    j^j  ^  iy)  dy  =  ^—  ^  —^<^{y)dy  =  [{rxa)  -  {rxh)]  (f>{wab). 

§  81.     Integrals   of  measures   of   elements   containing   a  line 
variable : 

(1)  \  d^=  -  i^oc),  where  a  is  a  fixed  line. 

(2)  jcl>(^a)d^=-j<l>{y)dy,  where  */  =  (^a). 

(3)  j{^a)d^  =  lmp^-{v^a). 

For  differentiating  r.h.s,  we  have 

p^-(p'~M={^a). 

(4)  j  (v^a)  (f>  (^a )  d^=  j4>  (y)  dy,  where  y  =  (^a). 
^  '     j  .sin- (f a)  ^  ^  ^    ^      ^  sin(ot/8)  j^^^^   "^ 


where  y  =  i^0L /3). 


(6)     In  (5)  put  cf>  iy)  =  -  ,  then 
j  sinHIa)   (^«/S)^     ^         sin  (a/ 


f/^/  _       1        sin  (^a) 

(7)  In  (5)  put  (^(y)  =  2/,  then 

J     ain^^a)      ^         2  sin  (a/3) " 

(8)  In  (5)  put  (f){y)  =  -,  then 

J  sin(^a)(^a/3)         sin  («/3)  ^'^^^'' 
r(,.f«)c^(^a)         4P^^j. 
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For  differentiating  R.  H.s.  we  have 

_  /j|sin(^a)      {p^a)coii{^a)  ^  {p^a)  cos  (|a) 
^^        sin(|a)  sin-(^a)  sin-^"(|a)      ' 

^^^^    /  sir^)  '^^  =  "  ^  '^^  P^  "  ^^^"^'  '°^^^"^- 

§  82.  Integrals  of  point  elements  may  be  converted  into 
integrals  of  line  elements  by  the  substitution  j-  =  2)^,  and 
integrals  of  line  elements  into  integrals  of  point  elements  by  the 
substitution  ^  =  tx. 

§  83.  A  function  of  measures  of  a  variable  point  is  differentiated 
along  the  normal  and  integrated  along  the  tangent  of  a  curve. 
If  the  integral  be  such  that  it  is  independent  of  the  path  of 
integration,  the  function  satisfies  Laplace's  equation.  For  let 
the  function  of  measures  be  reduced  to  a  function  of  measures  of 
the  variable  point  x  and  two  fixed  lines  a,  ^  at  right  angles,  thus 

F[{xa\  {x^)]. 
Then  the  integral  is 

-  j  [^)  ^^^  ^'^"^ + a  W) '"'  ^'^'^  J  '^''' 

Since  this  is  to  be  independent  of  the  path  of  integration  it  must 
be  equal  to  a  function  of  {xa),  {x^),  say  ^  {{xa),  {x/3)}, 

sin  {vxa)  +  z      ^  sin  {vxp) 


■    d{xa)       '       '     d{x/3) 


dF      .     .     ^.^     dF     .  . 

sin  (Txp)  +  -^  sin  {TXtx) 


d{xa)        '     ^'       d(x^) 

=  ^T^  sin  (rxa)  +  ^  ^--  sin  (tx/3). 
d  (xa)  0  (x/:i) 

dF  _  ^^_  ^  __  i^ 

■  '  d  (x/3)  ~  d  {xa)  -    d  (xa)  ~     d(x^)  ' 

d-'F  d'F 

•'  d(xaf'^d(x^y 


MISCELLANEOUS   EXAMPLES. 

1.     A  curve  is  given  by  the  general  equation 

f{\{xa)\,  \{xb)\...{xa\  {.v^)...]=0, 

to  find  the  radius  of  curvature  at  the  point  x. 

Differentiating  once 

^  _df     d.\{xa)\_^  ^     df    d{xa)^Q 


d  I  (xa)  I       dx  d  (xa)     dx 

0  I  (xa)  1 1  {xa)  I        0  {xa) 
Again,  differentiating 

^      ay      {vxaf     ^      df       r     1 px  (rxa)      {vxaf] 

dH  df 

+  2  „  ,     ,.,  sin-  (rxa)  +  2  ^/   ,  cos  (rxa)  px  —  0, 

9  (xa)-  0  {Xa)  ^ 

(       df  ,       .  df      (TXa)] 

'^     [    d{xa)  d\{xa)\\{xa)\} 

dj     (vxaf  df      (     1  {vxay-]   ,  ^     d^      •   ,,       ^     .■•^ 

Eliminating  rx,  vx  from  (i)  and  (ii)  we  get  px. 

2.     Find  the  radius  of  curvature  at  a  point  of  a  curve  given  by  bi-radial 
co-ordinates. 

Let  a,  b  be  the  points  of  reference. 
Let  xhe  Si  point  of  the  curve. 

Let  r  =  \{xa)\,  s=[{xb)\. 

Let  \{ab)\  =  c. 

To  find  px  in  terms  of  r,  s. 

dr      {vxa)     ds      (vxb) 


1  dr      1  ds       ds  d-r 


'  '  r  dx      s  dx      drdsd. 


dx         r     '  dx         s     ' 

rdr      {vxa) 
sds       (vxb) 

■    ^  (jv^-xa)      {v^xb)\ 
'x      \{vxa)       {vxb)j 

(1  —  {rxa)  px      1  —  {rxb)  px\ 
\      {vxa)  {vxb)      J 


•(i). 


{vxb)  —  {vxa)      ({rxb)      {Txa)\ 
(vxa)  (vxb)       \(vxb)      (vxa))  ' 


(vxb)  — (vxa)        (rxvxab) 
(vxa)(vxb)       (vxa)(vxb)      ' 


,     T  ^  /     7  X     /        ^      {\  dr      1  ds      ds   dh-  "1  ^  ,     r\ 

.• .  (xab)  px  =  (vxb)  -  (vxa)  - 1-  -  -  -  ^  +  -  -^-^|  (vxa)  (vxb). 
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From  a,  b,  x,  v.v  we  have  the  eUminant 

{abxf  -  (ctpxf  {bxf  +  {bvxf  {axf  -  {{axY  +  {bxf  -  {abf}  (avx)  (bvx). 

From  (i)  we  have 

(vxa) = rdr/dx,  (vxb)  =  sdsjdx. 

Let  {bxxa)  =  6. 

Then        {dxf  {abxf  =  r'^s^{dr'^  +  ds^  +  2drds  cos  6\ 

. • .   (dx)'  =  ■   .   ,2  {dr-  +  ds^  +  2dr ds  cos  6), 

_\  dr      1  rfs       A^  dr  ds  j  di'        ds       ds  ds  dh'\ 
s  da-      r  da      r^ s^  da  da  [rda      sda      dr  dads-}  ' 

where  4 a2  =  2r^-s^-  +  2c^  (/-^  +  s^)  -  r*  -s*-  c\ 

da'^  =  dr-  +  ds^  +  2dr  ds  cos  6, 

COS^  = ^; . 

3.  Rectify  the  curve,  whose  tangential  equation  is 

24,(^a,)  =  2i?,/-(^^,). 
We  have  by  integration 

^Ar{\mp^-{v^a,)]=-^B,F{^^,),  where  '^^L/(y), 

which  gives  the  vahie  of  Hn  p^. 

4.  Rectify  the  ^jarabola  (|s)  sin  (|8)  =  a. 

■       We  have  from  this 

J  (^s)  t^^  =  a  J  cosec  (^S)  c^|, 

.-.  linjt>^-(i/^s)= -alog  tan|(^8), 

.-.  Un p|  =  (^s) cot  (^8) -a  log  tan  \  ($8). 

5.  Find  the  conic  of  closest  contact  of  a  curve. 

The  equation  of  a  conic  touching  the  tangent  tx  at  x  of  a  curve  and  also 
having  the  same  curvature  is 

px  {yvxY  +  "ill  {yvx)  {yrx)  +  b  {yrxf  =  2  {yrx). 

Differentiating  three  times  and  putting  y  =  x,  we  have  by  means  of  the 
formulae  on  p.  70 

2h{-Zpx}  =  2{-p'x],  .•.k  =  ^. 

opX 

Hence  the  family  of  conies  having  four  point  contact  is 

px  {yvxf  +  g^  {yvx)  {yrx)  +  b  {yrxf  =  2  (j/tx). 
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Again,  diftereutiating  four  times  and  putting  ?/  =  a', 

l)X { - 8p.v'-}  +  2h{- 4p'.r}  +  b {6pA-2}  =  2  (p.v^ - p"x). 

TT  ,54  p'x^      1  p"x 

Hence  h=-px-v^^—^-^^. 

Z'^       9  pcfi      3  px^ 

Hence  the  conic  of  closest  contact  i.s 

.  .g      ,      2p'X     .  .      ,  ,        ,        f5  4  P'X'^  1         p"X   1       ,  VO  ^     / 

px{yvxf  +  -^_  {yvx)  (3/r.r)  +|-p.f  +  -^  -  -  ^^^  {yTxf=2  iyrx). 

6.  Similarly,  in  tangentials,  shew  that  the  conic  of  closest  contact  at  ^  is 
-  9  {p^f  sin2  (^^)  +  6p|2  (^^,^)  ;3p^  ^os  (v|)  +  p'^  sin  (;;|)} 

+  (9pf  ~  3p^p"|+4p'r)  (^/.f )2  ^  0. 

7.  From  the  equation  |  {xs)  \  + 1  {xs')  |  =  constant  of  a  point  (jf  an  ellipse, 
deduce  directly  that  {^s)  (|s')  =  constant  of  a  line  of  an  ellipse. 

From  I  (a'.s)  |  + 1  {xs')  \  =  constant  we  have 

{vxs)       {vxs') 

\{XS)\^  \{X><'):  ' 

(vxs)'^     {vxs')'^'* 

J.  ,  .  ,  (vxs)      (vxs') 

fi-om  which  ) (  +  -, ;( =  0, 

(tXs)       (txs) 

I.e.  ^''  +  ^^  =  0,  puttmg  rx  =  |, 

.-.  integrating  log  (^s)  +  log  (|s')  =  const. 

8.  Shew  that  the  join  of  the  intersection  of  the  normals  at  the  extremities 
of  a  focal  chord  of  an  ellipse  with  the  middle  point  of  the  chord  is  parallel  to 
the  major  axis. 

Let  the  ellipse  be  i{xs)\  =  e  (xb),  s  the  focus,  8  the  directrix.  Instead  of 
differentiating  we  may  obtain  the  equation  of  the  tangent  at  y  in  the  form  of 
an  equation. 

For  we  have  from  Exs.  3,  4,  p.  20, 

1  ( ^s)  I  =  i  (y«)  i  -  ^- ;  i^y)  I  cos  {xl/ys)\   ^  ^^^^^jj 
( #?S)  =  (2/8) +  /■{(»/«) -(.v8)}  j 

If  the  point  xi/(  is  a  i)oint  on  the  curve,  then  xi/  will  be  the  tangent  at  x 

if  ^^  =  k  is  ultimately  zero. 

Employing  this  method 

i  (i/s)  I  -  k  !  (xi/)  I  cos  mfs)  =  e  (9/8)  +  ek  {(j/8)  -  (x8)}. 
Hence  the  equation  of  the  tangent  is 

(■'•yp«J-'^(-^-5)  +  e(y8)  =  0. 

Thi.s  equation  may  also  be  obtained  by  differentiating  \{ys)  =e(j/8)  and 
putting'  ry  =  xy. 
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If  s  be  a  point  on  the  normal  iy  is  perpendicular  to  this. 
Hence  the  equation  of  the  normal  is 

cos  izyljsTt)  —  e  cos  (zyb)  =  0, 

i.e.  i^yi)  -  6  {za)  + 1'  {jja)  =  0  where  a  the  major  axis  =  -s^   „ . 

Similarly  if  ^'  be  the  other  extremity  of  the  curve  and  z  now  the  intersec- 
tion of  the  two  normals 

(zi/'s )  -  e  (za)  +  e  {y'a)  =  0, 

.-.  adding  (ja)  +  (ya)  =  2  (sa). 

9.  MacCuUagh's  Theorem.     If  a  chord  pp'  of  a  conic  pass  through  a  fi.\ed 
l)oint  0,  then 

tan  ^  (psso)  tan  |  (^'*"sd)  =  constant. 

Let  Ou,  be  tlie  chord  pp',  and  sk  be  sp. 

Then  Oo)S\  =p,  so  that 

l(Oaj«A  s)\  =  e{o^s\  8). 

Reducing  (Oa,  s)  =  e  {{os\)  sin  (<o8)  -  (o8)  sin  (wX)}, 

supposing,  as  we  may,  (pp's)  to  be  positive. 

.•.  -  (sow)  =  (osX)  sin  (<b8)  +  (o8)  {sin  (osX)  cos  (sow) -sin  (sow)cos(osX)]. 

Put  ,(.5-o),  =  /-(oS), 

,*.  -=i/  sin  (osX)  —  cos  (osX), 

where  y  depends  only  on  w. 

2vl'  1 4-  x^ 

»         Writing      x = tan  ^{ps so),  sin(osX)  =  - -,,,  cos(oiX)  =  :j ^. 

Hence  .*;-  (e  -  ^0  -  2.vi/  +  {e  +  k)  =  0, 

an  equation  defining  X  in  terms  of  w. 

e  +  k 

The  theorem  is  true  when  o  traces  a  conic  with  the  same  focus  and  direc- 
tri.\  as  those  of  the  given  conic. 

10.  0  and  o'  are  two  fixed  points,  r  any  point  on  the  curve 

1  1  1 


I  (xo)  I      I  (.ro')  I      e  ' 

Prove  that  the  distance  between  .v  and  the  consecutive  curve  obttiined  by 
changing  c  to  c  +  de  is  ultimately 

8e 


J 


/■/•       rr  * 


wliere  r=  \ {xo)  \,  r'= ;  {xo') \,  a  =  \  (oo') j.  [.Smith's  Prize.] 

T.    G.  6 
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DifFerentiatiug  the  equation 

1 1_^1 

I  {xo)  I      I  {xo')  i      c 
along  the  normal  we  have 

1  ,  1  ,       —.   J      dc 

-—.^  cos  (va;xo)  dp  -  -^^^  cos  {vxxo  )dp  =  -^ 

where  dp  is  an  element  along  the  normal. 

And  we  have  also  difterentiating  along  the  tangent 

;  COS  {txxo)  -      ,  .,  cos  {txxo'  )  =  0. 


{xof        ^  |(^o)| 

These  two  equations  give  the  required  value  for  dp. 

To  ehminate  r-r,  vx  put  {txxo)=^6,  {TXxo')  =  e',  and  we  have  the  following 

equations 

sin  6     sin  6'  _l  dc  \ 

-^        :p2      '^2  dp'        I 

cos^  _  cos^'_  V  . 

-1^  ^  -^' 

also  (9-^'  =  ^.  where  (()  =  {.vo'M)^ 

Ehminating  6,  6'  we  have 

Vr*  +  /*  -  2r^r"^  cos  (^  _  1  dc 


=!_  ,  by  means  or  r  -  ?•  = 


J 


'    3c2      a'^c 


rr'      r^r'^ 

11.  In  a  system  of  curves  defined  by  an  equation  containing  a  variable 
parameter  investigate  at  any  point  the  normal  distance  between  two  curves. 

[Cayley.J 
Take  the  general  equation 

f{\{xa%  \{xh)\,...{xa),{x&)...}  =  c, 
where  c  is  a  variable  parameter. 
Differentiating  along  the  normal 

dp  {2  yyArr  sin  {rxxd)  -  2  ^7^  ^^^  ('■■^")  f  =  ^'^^ 
and  along  the  tangent 

2  -^-y/-.~,  cos  {rxxa)  +  2  ^7-^  sin  [rXa)  =  0, 

which  two  equations  enable  us  to  eliminate  tx. 

12.  From  the  theorem  that  the  circunicircle  of  a  triangle  circumscribing 
a  parabola  passes  through  the  focus  shew  by  difterentiation  that  if  an  isosceles 
triangle  circumscribe  a  parabola,  the  join  of  the  vertex  with  the  point  of 
contact  of  the  base  is  incident  in  the  focus. 
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Let  a,  /3,  y  be  the  sides  of  any  triangle  circumscribing  a  parabola  of  which 
the  focus  is  s.     Then  we  have,  since  the  circumcircle  passes  through  s, 

(s/3)  (sy)  sin  Oy)  +  (sy)  (sa)  sin  (ya)  +  (sa)  (s/3)  sin  (a^)  =  0. 

Differentiate  with  regard  to  one  of  the  lines,  say  y,  keeping  the  other 
elements  fixed. 

We  have 

(s^)  {{svy)  sin  (/3y)  +  (sy)  cos  (/3y)}  +  (sa)  {(si>y)  sin  (ya)  -  (sy)  cos  (ya)}  =  0. . . ( A). 

The  condition  that  s,  the  vertex  a/3,  and  the  point  of  contact  py  of  y 
should  be  collinear  is 

(a^sy^)  =  0, 

.  • .   (a/3y)  (siry)  -  {al3vy)  (sy)  =  0, 
•■  •  (^it)  {(««)  sin  (/3y)  +  (s^)  sin  (ya)  +  (sy)  sin  (ajS)} 
-  (sy)  {{so)  sin  (/317)  +  (s/3)  sin  (irya)  +  (si'y)  sin  (a/3)i  =0. 
Hence  the  condition  is 
{{sa)  sin  Oy)  +  (s^)  sin  (ya)}  (sj/y)  -  (sy)  {(sa)  COS  (/3y)  -  (S|3)  COS  (ya)}  -  0. .  .(B). 
(A)  and  (B)  agree  when  (j3y)  =  (ya). 

13.  [Bertrand.]  If  through  each  point  of  a  curve  a  line  of  given  length 
be  drawn,  making  a  constant  angle  with  the  normal  of  the  curve,  the  normal 
to  the  locus  of  the  extremity  of  this  line  passes  through  the  corresponding 
centre  of  curvature  of  the  proposed  curve. 

Consider  the  point  Wu),c,  where  x  is  a  point  of  the  curve,  c  a  constant  and 
o)  makes  a  constant  angle  with  t:c.     We  need  the  value  of  {vXu,,cCi)- 

From  Ex.  1,  §  55, 

{vx'u,  c((')  =  {{vA'd)  +  c  cos  (TXco)}dx  +  c  {xaa)  da, 

when  c  is  constant. 

.  ■ .  (vXm,  cX   ,  \)  =  c  {cos  (T.rw)  dx  +  drx  {x  x^^  j^  «)}, 
'  'px  '  p.i- 

since  (wta-)^  constant, 

=  0. 

14.  If  ^1,  $.>,•■•  |((  be  a  set  of  parallel  lines  fixed  in  regard  to  the 
tangent  and  normal  at  a  variable  point  x  of  a  curve,  shew  that  |i,  ^2?  •••  ^« 
envelope  a  set  of  parallel  ciu"ves. 

15.  To  find  the  polars  of  a  point  in  regiird  to  an  ^ilgehraic  curve. 
Let  P{{xa)^  (xb)^-...  (xa),  {x^)...}=0 

be  the  curve,  where  P  is  a  polynomial. 
Let  i/  be  the  point. 

Let  ya  meet  the  curve  in  the  point  t/z^. 
We  have  P{{fHaf  ...  (|^a)  ...}  =  0, 

.  f (gg)-^  -  k  {{yaf  +  {za)^  -  {yz)^)  +  B  {yaf^      {^a)-k{za)      \ 

"        \  {\-k)-^  —       l-k        -J"''' 

where  }—A  =  ^'- 
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Hence  by  putting  the  successive  coefficients  of  ^-=0,  we  get  equations  in 
y,  z.  Looking  upon  2  as  a  variable,  these  are  the  equations  of  the  successive 
polars  of  y. 

16.  Find  the  poles  of  a  line  in  regard  to  an  algebraic  curve. 

Notation.     We  shall  use  the  notation  <i .  ?>/,,//,•,  to  denote  the  point  ahy, 

where  yr^  =  ~. 

{by)       h 

17.  Shew  that  (a  .  bk,iicJ^)='-j^^-^  ■ 

18.  Shew  that 

(aX)  +  2(ff,.X) 

-    l+i-i  l+2/t>  1+2/v 

1 

Put  the  L.H.  s.  =  P„. 

P„_i(i  +  "?/v)+/fv(«»x) 

Then  Pn  = ^ . 


l+2/(v 
1 

.-.   I\  (1  +2  k,)-F„-,{l  +  "s' k,)=k,,{a„\). 
1  1 

Similarly      P,, _  j  ( 1  +  "s  /•,)  -  ^n - 2  ( 1  +  "^ '/•,)  =  /?•« - 1  («» - 1  >^), 

1  1 


P,  (  1  +  2  k,)  -  Pj  ( 1  +  /•,)  =  k,  («2^), 


I 


.•.    adding  i^,(l+2>{v)-Pi(H-^-i)=2XvK-X), 

1  2 

whicli  gives  P,,. 

Notation.     We  shall  use  the  notation  a .  (3i.-jh-,  to  denote  the  line  a/3c,  where 

(ac)  ^i\      j^  j^  evident  that  this  does  not  completely  define  tlie  line,  as  it 

(/3c)     k^ 

does  not  specify  any  sense. 

k^  (ac)  —  k.  (8c) 

,a    Shew  that     (-3^./>.o)°^,^^,^a^^(c3)' 

where  the  sign  of  the  square  root  is  arbitrary. 

20.  If  d  be  the  isotomic  conjugate  of  e  in  regard  to  a,  h;  a,  b,  c  being 
coincident  :  find  {dX). 

If  8  be  the  isogonal  conjugate  of  y  in  regard  to  n,  /3  ;  o,  IS,  y  being  co- 
incident :  find  {81). 
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Point  Reciprocation.     Let  o  be  a  fixed  point. 

Let  X  be  any  point.     The  reciprocal  of  x  in  regard  to  o  i.s  defined  as  ^, 
where 

^■=0 K     —    where  A' is  a  constant ; 

from  which  it  is  easy  to  shew  that  x  =  o  f.    ^     x  • 

2 1 .     Shew  that,  if  ^,  rj  be  the  reciprocals  of  .r,  j/  in  regard  to  o, 

sin  (^7)  =  sin  ifixoy) 


22.     Shew  that 


We  have 


\iH0){px) 

\{xy)\  =  K 


'      (Of) 


(w-2  4(o,„ft+|iy 


K 


K^.h 


{  K"-       2  A'  {  K  1        AT-  1 2 

^  ^' '      1  Mf  +  {onf  -  2  (o^)  (o^)  CC«  (|r;)J *  1 . 


(oDCo'?) 


23.     Shew  that       (.rr?)  =  A' 


ML 

,(^y)IK)' 


(^;;)-(o^_„     ^   o- 


) 


(ol) 


A'    . 


^         A'     .     ._., 


r(«3')i(o^)* 

For   point  reciprocation,   we   shall  denote  by  A!,,  the  reciprocal  of  any 
element  in  regard  to  o. 
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The  preceding  formulae  become 

sin  (RoX  Ro v)  =  77 — , ;     ,1 , 

24.  Similarly  shew  that 

^^"^^"''^<'^)  =  ^'-(o|)H)K)' 

^     "  -^  '^  ■    1(00,-)  (O?/)  (03)1' 

(/i„|  i?«^  iJ^^)  =  K .  — - --^^^-^^ , 

(7?„.r R„v /?„ f )  =  A' .  -  ^.y^     M  • 
^    "       "-^    ''^'  {oO\{ox){oy)\ 

25.  Shew  generally  that 

.  .  s_j.    {RqXi  RqX.j  Rq^i  RqX's  Rq^I  •-.   RpX^RoXn  +  i) 

(5^2§1^3§2  .  •  •  ^,^^n  +  i;  -  A  .  ^^^^  ^^^  ^^^^  ^^^  j  ^.^^^^^^  J     _  _  ^^^^^^^  ^  ^^         , 

.  .  d  N  _  /'      (i?o.rj  ^0X2  fipgi  ^oA-3  ...  RgX^Ro^n-l  0) 

(^1^2^1.%§2...*-»e.-l)-A  .      ^^^^^.^^  ^^^^_^.^)  1^^^^^^),     __  (o^^^.^^j)     ' 

It   t         t  t    t         \-K  (^0^1  Rq  ^2  -^0-^1  •  •  •  fiolu  ^»  ^»  +  1) 

($l52^-l53^2  ...  §«§..1J-A   .  1^^^^^^^  {oR^^,^\{oR,X,)  ...  l(0i?„^„,i)l  ' 

($lf2-'l^3-'-2  ...  §»•*«-!)- A  .        1^^^^^^^  ^oRM)\{oRoX,)  ...  ]  (oi?„  .*■„  _  1 )  |        " 

26.  Roulettes. 

One  curve  rolls  on  another  fixed  curve,  to  find  the  displacement  of  the 
point  of  contact  and  the  tangent  at  the  point  of  contact  on  the  rolling  curve. 
Suppose  the  curve  to  roll  counter  clockwise.  Let  the  senses  of  descrii>tion  of 
the  curves  be  counter  clockwise. 

Let  X,  x',  x"  be  three  contiguous  points  on  one  curve,  i/,  y',  ?/"  three  points 
on  the  moving  curve  which  take  up  positions  x,  x',  .v"  in  its  rolling. 

Let  •«'■=, 'A  •^-'=y» 

X"  ■'  "^  ^, 


In  the  rolling  y'  remains  at  ./•',  but  y'y"  becomes  x'x" . 
I.e.  if  v/  be  the  point  of  contact  on  the  rolling  ciu've,  then 
dy  =  0,    dry  =  -  dr^  y + dr.v,    drx  >  rfrj  //, 
where  dr^y  is  the  disi)laeement  of  ry  when  the  curve  is  fixed. 
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Knowing  these  two  displacements,  we  may  find  the  displacement  of  any 
element  derived  vectorially  or  equationally  from  them,  by  the  method  of  the 
text. 

The  case  of  a  point  on  a  rolling  curve  does  not  come  under  the  classes  of 
derived  points  considered.  The  above  investigation  from  first  principles  is 
therefore  necessary. 

27.  Find  the  displacement  of  a  point  fixed  in  regard  to  the  rolling  curve. 
Let  5  be  a  point  fixed  in  regard  to  the  rolling  curve  and  y  the  point  of 

contact  on  the  rolling  curve. 

Let  '=y.,R^ 

.-.  dz=R(i(ii  =  RdTy=R(clTX-dTiy)^ 
and  TZ=yzTt. 

28.  Find  the  displacement  of  a  carried  line. 
Let  f  be  the  line. 

Then  d(=dTy=dTX-dTiy, 

and  .  PC=yc.  .-ivi)- 

29.  Find  the  radius  of  curvature  of  a  carried  point. 

We  may  now  no  longer  concern  ourselves  with  the  fixed  curve. 

Let  z  be  the  point. 

Then  dTZ=dyz  by  Ex.  27 

sin  JTyyz)  sin  {rzyz)  , 

Here  the  displacement  of  ^  has  a  different  significance  from  what  it  has 
in  Ex.  26.  In  Ex.  26  the  considerations  of  its  displacement  were  due  to 
the  rolling.  The  displacement  now  is  due  to  the  point  taking  up,  as  we 
suppose,  successive  positions  on  the  curve. 

^  sin  (r«co)  -        In/,  7      \ 

sin  (ryw)  df/      drx  —  dri  y 

_    sin  (ryo) )  dy         1 
^  lW{dTX-dT^)'^R 

_    sin  (ry<a)    ^  1 


E^ipx-py)^  R' 
By  similarly  difterentiating 

-=     sin  {ryyz)  J_ 

^^  '^^   {yzfip^-^-^-py)    \{y^)\ 

find  ~  :  and  so  on. 
dz 
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30.  Find  the  radius  of  curvature  of  a  carried  line. 
Let  (  be  the  Hne. 

Then  »'t=3'r  ' 

Consider  tlie  case  of  a  curve  roUing  on  another  cur\e  which  is  roUing  on 
another  curve. 

31.  Shew  that  the  jjedal  triangles  of  a  triangle  of  points  inverse  in  regai-d 
to  the  circumcircle  are  similar. 

Let  the  points  l)e  s       ,   s     d2. 

'■  t»,  p  '       a>,  _ 

P 
Now  if  X,  y,  z  be  the  summits  of  the  pedal  triangle  of  s      , 


(o,  p 


(,/2)2  =  (oa)2sin2  0y) 

=  {R^  +  p-  -2Bp  cos  {set  0))}  sin2  Oy). 
If  a/,  y',  z'  are  the  summits  for  s     s:-, 

01,  — 

p 

(/5')2=  j:?^  +  l>2_.2^  cos  {m  to)\  sin2  (/3y) 

32.     If  we  represent  by  /„.'■  the  inver.se  point  of  ,r  in  regard  to  a  cii-cle 
centi-e  o,  shew  that 

l_^-'^^l     \{ohr){ol.y)\- 
I^x  =  0        ^2  ,  where  R  is  the  radius  of  the  circle. 


oa;> 


\(ox)\ 

.'.  {IoOi;loyf={o_    JJ2    o_    JJ2  ) 

l(o.r)l  (f»j) 


2 


^  2?4  Hi  

+  /;;:;:n2 - 2 rT;-^ -  ,.,  cos {o.voy) 


{oxf     {oyf        \{ox)(py)\ 

(o.r)2  (oy)2  ■ 
33.     Shew  that 

(,,..Ai>ioyioz){Kv-p') 

^'''^'■^-{ol,xf{ol,yf{ohzf' 

where  R^  is  the  circumnxdius  of  I„x,  /„-/,  I^,z  and  p  the  distance  of  o  from  the 
circumcentre  of  7^.r,  /„y,  /„j. 
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We  have  (/„,v/oj//„j)  =  (o_     ^    o_  _s^  o^      r^) 

«'.   \(ox).     <>V'  \(oy)\     "^'  \(os)\ 


I  {O^)  {02, 


(oxf  (o;/)^  {oz) 


r.  sin  ipyoz) 

.,  2  {oxf  {oyz) 


{^xyz){R,^-p% 


{oxf  {oyf  {ozY 
by  theorem  on  p.  29  which  proves  the  result. 

Anharmonic  or  Cross-ratio. 

Let  a,  b,  e,  d  be  four  points  inciUcut  in  a  line  X.     Then  the  ratio 

{ad)/  ihd) 
is  called  the  anharmonic  ratio  or  cross-ratio  of  the  range  of  points,  and 
is  represented  by  {ah,  cd).     If  a,  jS,  y,  8  be  four  lines  incident  in  a  point  I, 

then  the  ratio  ^!"  *:"!?  /  '^l"  [^^2  is  called  the  anharmonic  ratio  or  cross-ratio 

sm  (ad)  I    sni  (/3S) 

of  the  pencil  of  lines  and  is  represented  by  {a/3,  yS|. 

In  projective  geometry,  of  the  trigonometric  functions  the  sine  function 
only  occurs  ;  hence,  for  brevity,  we  shall  represent  sin  (a^)  by  (a,3). 

Thus  the  cross-ratio  of  four  lines  incident  in  a  point  is 

(«y)    /  (^ 

(«8)/   (/3S)' 
The  cross-ratio  of  a  pair  of  points  (/,  h  and  a  pair  of  lines  y,  b  we  shall 
define  as 

(ay)  /(M* 

(aS)/  {hb)    ' 
and  this  is  written  {ah,  yh] . 

34.     Reduce  {cfa'6F,   yy as" J. 

■  aa  bb' ,   yy'  fiS'  =  ^  :=^I^'  /    _-JZ^ 
(rtrt'88')/  (W'88') 

^  («.y)(a'y)-(ay')(«'y)     /  (fty)  (ft'y')  -  {by')  (b'y) 
{a8)  («'§')  -  (aS')  (a'S)  /  '{bb)  {b'd')-{b8')  {b'8)  " 

Particular  cases. 

When  («y)  =  0,  («'S)  =  0;  (6y')  =  ^'  (//S)  =  0. 

Tl len  { ^''  W,   ^'M'\=  {ab,  y8} .  {a'b',  y'8'[. 

Similarly  if  {ay')=^0,  (a'8)  =  0;  {by)  =  0,  {b'8')=^0, 

then  {aa'bb',   ^'88'\  ={ah\  yb\  .  {a'b,  y'h'\. 

*  This  ratio  and  its  usage  are  new,  as  far  as  I  know 
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35.     If     „     }  ,     ,  ^    ,  f  he  two  triangles ;  and  ««',  bb' ,  cc'  be  represented 
a  a  y)       a  a  y  J  ^ 


by  X,  /i,  V  and  aa  ,  /3/3',  yy'  by  ?,  >/i,  n;  shew  that 

;^i^,  aa'} .  {«i%,  ad]  =  1. 


^v,  aa'j  ={66'cc',  /Sy,  /3V} 


mic'y)     I     -{cy'){c'l3') 
=  \b'c,l3y'}i{b^,^y}. 
Similarly  {mn,  aa'\  =  {/S'y,  ftc'j/f/Sy',  b'c}. 

36.  Shew  that 

r^^^'  ...r^      jay)  {b8)- (ad)  (by)    j    {a'y'){b'8)-{a'8){b'y') 

37.  In  Ex.  35  shew  that 


[mn,  aa'}  .  l={fii',  an] .  X, 


where    [ab,  cd] .  o  denotes   [oaob,   ocod]. 

{m/i,  aa'} .  I  =  {m7i,  lala' ]  =  ] (3^' yy' ,  kt   I'a} 

^W(/3'«)    {ya')  iy'l) 
(/3«')(3'0-  {yl){y'a) 

=  {l3y,la']/>fi'y',la]. 

Now  -  O0  =  (cW)=-i£^^, 

]  [ea)  I  (aa  J 

iyl)  =  i^bra')^^%, 
^   'A      /''M-,-,s  {a'd){b'a) 

Hence  {,..,  «.'} .  iJ<'^^')iy-')-JMl^a)  .    (^)  («^  j, 

'        '  {c'a)  {ya) .  {bd)  ifia')      (a'b')  [ca)  \ ' 

which  proves  the  result. 

oo      T     *i     i        4.  ■       1      abe]       a'b'o' )   .         ,.     ^    ^, 
.iH.     In  tlie  two  triangles    ,.    -,      ,^,  ,  r  uivesti^ate  the  measure 

apyj       apy  J 

(bc'Vc  ca'Ta  ab'a^). 


We  have      ( be'  b'c  ca'  c'a  ab'  a'b)  { be'  b'c )  ( ca'  c'a )  ( ab'  a'b ) 
=  (bc'ca'7a)  {Vc  aU  oTb)  -  {be' ab' ^)  {Vc~cd'~&a) 
=  {{bc'a){cc'a'){b'a'b){cab') 

-  {bab')  {c'a'b)  {b'ca)  {cc'a)}l\{bc')  {ca')  {a'b){b'c){c'a)  {a'b)  \ 
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Corollary  L     If  {hdh'e  ca' c'a  ab' a'b)=0  then 

(c'y)  {cH')  {by')  (6'/3)  =  (6'y)  {b^')  {cy')  {c'H), 
i.e.  [be,  ^'y'}  =  {b'c',  ^y}. 

Similarly  {c«,  y'a'\  —  {c'a',  yn], 

{ab,  a'li'}  =  {a'b',  a^}. 


Corollary  2.     Or  if  [bo,  ^'y'}  =  {b'c\  I3y\  then 

{ca,  y'a'}  =  {e'a',  ya}, 
and  [ab,  a'^}  =  {a'b',  a3}. 


Also  {bc'b'c  ca'cfa  ab'a'b)  =  0. 


39.     Investigate  ( be'  b'c  ca  c'a'  ab  a'b' ). 


Expression  =  {be' b'c  (8/3' yy') 

_  1  {b^){c'^')-{b^'){c'^)    {b'y){cy')-{b'y'){cy) 

-\{bc'){b'c)\   {by)  {c'y') -{by')  {c'y)  {b'^)  {c^')- {b'^'){c^) 

1  {bff){c'&)     {b'y)  {cy') 

\{bc'){b'c)\lby'){c'y)-  {b'^){c^') 

1  ^M  ^y'\ 

\{bc'){b'c)\{b'o',^y}- 

Corollary.     From  Exs.  38  and  39  if 


{bc'b'c  ca'  c'a  ab' a'b)  =  0, 


then  {bc'b'c  cad  a!  aba!b')—0. 

40.  If  ab,  cd  be  two  pairs  of  points  and  .v  a  variable  point,  such  that 

[ab,  cd\ .  X  is  const., 

shew  that  the  locus  of  x  is  a  conic. 

{xac)  I  {xad) 
{ab,cd].x=^^^l  j^^y 

41.  If  ab,  yh  be  a  pair  of  points  and  a  pair  of  lines  :  and  a/3,  cd  their 
reci^jrocals  in  regard  to  a  conic,  shew  that 

{a/3,  cd\  =  {ah,  yb). 

42.  If  '    ''i  ,    ^,J  \  be  two  triangles,  self-conjugate  in  regard  to  a  conic, 

afiy]       a  /3  y  J 

shew  that  the  vertices  lie  on  a  conic,  alsf)  that  the  sides  touch  a  conic. 

We  have  to  shew  that 

a.\bc,  b'c'}  =  a' .{be,  b'c'], 

or  {^y,  b'c'}  =  [bc,  fi'y'}, 

which  follows  since  the  triangles  are  self-conjugate :  similarly  the  sides  touch  a 
conic. 


92  MISCELLANEOUS    EXAMPLES 

43.  Shew  that  if  the  vertices  of  two  triangles  touch  a  conic,  then  the 
triangles  are  self-conjugate  for  a  conic. 

Let  r  be  a  conic,  for  which  -  is  self-conjugate  and  «',  o'  pole  and 

polar.     Then  the  polar  of  b'  passes  through  a  ;  let  it  meet  a  in  c". 

Then  ■  ,      ,^,  <  '  are  seli-conjugate  tor  r,  .-.  abc,  abc   are  on  a  conic. 

a/3y'        a^yj 

Hence  c"  =  c'. 

44.  If  two  triangles     ^    r  ,      ,^,  ,  r  are  reciprocal  one  fur  the  other,  in 

apy )       npy' 

regard  to  a  conic,  shew  that  the  triangles  are  homological. 

[be,  y'a']  =  [ca,  /3'y';, 
{by)   l{cy')_{c&)    Kct^') 


{ba')l    {ca)       {cy')/  (ay')' 
.-.  iby')ica'){a^')  =  {cfi'){ay')(ba). 

45.     Shew  that  {xa^c8ex)  =  0  is  the  equation  of  a  conic  :  deduce  Pascal's 
theorem. 

By  reducing  {xa^c 8e.v)=0  we  can  pro\e  the  first  part. 

It  is  evident  that  «,  e  are  points  of  the  conic. 

Next  to  find  where  /3  meets  the  curve. 

Let  ^=pq,  and  p  be  on  the  curve. 

Then  {papqcdep)  =  0. 

.-.  {pc8ep)  =  0,  since  (a^)=|=0. 
.-.  (pce){8p)=0, 

.'■  p=^8  or  cefi. 
Hence  (f,  e;  13b;   ce^,   ac8  are  points  on  the  conic. 

Let  ^S=^,  ce^  =  7n,  ac8=n. 

Then  j3=lm,  8=hi,  c=eman. 

Hence  if  ^  be  a  point  on  the  conic  through  a,  e,  i,  m,  n 


{galm   em  an   lneg)  =  0, 


.•.  {galm  eman  lneg)  =  0, 
which  is  Pascal's  theorem*. 

46.     Shew  that 

{xaaai  xb^kyb^   .ir)=0, 

where  (a/3y)  =  0,  {a<(iSibil-)  =  0  denotes  a  general  cubit-  curve,  i.e.  that  it  can  be 
made  to  pass  through  nine  arbitrary  points  t. 

The  curve  obviously  passes  through  a,  6,  c. 
*  See  Whitehead's  Univeiml  AUjehra,  \\  232.         t  Ihhl.  pp.  234,  237. 
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Consider  the  point  ^^=7^=0^.     It  lies  on  the  curve,  for  substituting  this 
point  for  .*;  we  have 


{a^aaUi  n^b^kyhx  ajic) 


=  (a/3ai  aykyh]   a^c) 


=  {aliai  alibi  «^c)=0. 
Again,  consider  the  point  a]ca. 


(a  lO  aa  aOi  a^c  ab  ^  kybi  «iC  a  (?) 


=  («iC  aiCab^kybi  «ic)=0. 


Again,  consider  tlie  point  aciiji. 


{aaijiriaai  aa^^b^kybi  aaij3c) 


=  (««!  aai  fikybi  aux  fi  c) 


■■  (acci  /3  ««!  liky  61)  X  sin  {aai  a«i  j3  c) 


=  [f  fky  61)  X  {...},  where  /=a«i/3 
=  0,  since  {fbxk)  =  Q. 
Hence  the  six  points  a,  b,  c  ;  d,  e, /"lie  <>n  the  cm-ve,  where 
d=a^a,  e=a^='iiy  =  ya,  f—aa[^. 

Hence  a  =  de,  /3  =  ef. 


Also  d=  (XiC  a  =  UiC  de, 

.•.  {ajcd)  =  0, 

and  /=  a^^  =  (jr[a  ef, 


.•.  «j  =  nfcd' 


Hence  tlie  cubic 


{xa  de  afcd    xb  efk  y  b^  xii)  =  0 
passes  through  a,  b,  c  ;  d,  e,  f. 
As  regards  k,  y,  J>i ,  we  have 

(y«)  =  0,   (/^/■)=0 
Take  three  other  points  g,  /«,  /. 
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Now  let  gi=yaaai  gc=gade  af  cd  gc, 


hi  =  haaai  he  =  hade  af  cd  he, 


iiz=iaaai   ie  =iade  af  cd  ic, 


g-2=gb^  =gb    ef 


h2  =  hb^  =hh   e/, 


u  =  ib^  =ih  ef. 

Thus  the  six  points  gi,  hi,  ii  ;  go,  h-i,  u  can  be  obtained  by  linear  con- 
struction from  the  nine  points 

a,  b,c;d,  e,  f ;  g,  h,  i. 
We  proceed  to  choose  k,  y,  h^  so  that  the  following  equations  hold : 
{g-2hhgi)  =  ^,  {h.2kybihi)  =  0,  {t2hhh)  =  0, 
Tvhich  are  the  conditions  that  g,  k,  i  should  lie  on  the  curve. 
If  possible,  determine  y  and  k  from 

{iibiyki2)  =  0, 
without  conditioning  b^. 

For  this  we  must  suppose  iib^y  =  ii,  and  (ijki2)  =  0. 

Hence  (•yj^)  =  0. 

Hence  since  (ye)  =  0  as  well 

y=iie  and  (H^^'2)  =  0  account  for  the  first  equation. 

The  remaining  two  equations  can  be  written 

{^V2yffibi)  =  0,  {kh2yhibi)  =  0. 

.  Hence  k  is  such  that 


(%2  y 9i  kh<2  yhi  kf)  =  0,  also  {k iVj)  =  0. 
Hence  k  is  one  of  the  points  in  which 


?'ii2  intersects  the  curve  (xf  xg^ygi  xh2yhi)  =  0. 
We  consider  this  curve 


{xf  xg.2ygi  xh.,yhi)  =  0. 
Put  x=y^,  where  |  is  any  line. 


Then  {y^f  y^  g2  y  gy  y^  ^2  y  ^i)  =  (y^f  y^gx  y^  K) = 0. 

Again,  put  x=  j3^.     Now  g.^,  h.,,f  lie  on  /ii, 


.-.  xf=li,  -vgoygi^-^ygi,  xh^y  hi=^yhi. 
Hence  ^3,  y  are  parts  of  the  curve. 
Hence  the  remainder  of  the  locus  is  another  line. 
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To  find  this  line  we  have 


{xf  xy2  y  gx  xhi  y  h)  =  0, 


•  ■  •  W  ^92  ygxKy  h  x)  =  0. 
This  is  satisfied  if 


i.e.  (xfki)  =  0,  Ocg2y9ihi)  =  0, 
i.e.  {xfhi)  —  0  and  {higiyg<ix)  =  0. 


i.e.  x=fhi  higiygo. 
Similarly  another  value  is  given  by 


^=f9i  9\fhy^ti 
therefore  the  third  line  is 


hg\ y9i  fh  giKyhi  fgi- 

Denote  this,  for  brevity,  by  X. 

Then  k  is  incident  in  I'l  io  and  in  /3  or  y,  or  X. 

If  we  assume  that  k  lies  in  /3,  the  equation  of  the  cubic  becomes 

{xotacii  ^y  bi  .vc)  —  0, 
i.e.  a  conic  and  a  line. 

Similarly  if  k  lies  in  y,  the  cubic  becomes 


{xaa  a  I  khi  xc)  =  0, 
i.e.  a  conic  and  a  line. 

The  only  possibility  then  is  k  lies  in  X.  It  will  be  shown  that  this  assump- 
tion allows  the  cubic  to  be  of  the  general  type.  AVe  shall  prove  this  by 
showing  that  the  cubic  passes  through  the  nine  arbitrarily  assumed  points. 

Hence  let  it  be  assumed  that 


k  =  ii  io  X . 

Accordingly  with  these  assumptions  the  equations 

{gihyAg2)  =  0,  i/hbiykh.^=0,  {i\bicki2)  =  0 

are  satisfied  and  therefore  g,  /i,  i  lie  on  the  curve. 
hi  is  the  point  of  intersection  of 


¥■>  ^g^yg^Li  ^'KyK, 


•■•  h  =  kgo,ygxkf. 
Finally  therefore  it  has  been  [iroved  that  the  cubic  curve 


{xa  a  «!  xb ^  kybi  xc)  =  0 
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passes  through  the  nine  arbitrarily  chosen  points  a,  6,  c  d,  e,  f  g,  h,  i  pro- 
vided that  a,  /9,  y,  o, ,  b^,  k  are  determined  by  the  linear  coustrnctions 

a=de,  0=ef,  y=eii, 


«!  =  «/■  cd,  k=iii.i\,  hy  =  kg.2ygi  kf, 


where  gi=gad^  afcd  gc,    hi  =  kade  afcd  he, 


gi=9^«f,  h.,  =  lihef\ 


ii  =  iade  afcd  ic, 


i-2=ihef. 


^ = ^1 5'i  V  5'2  Ph    9i  fh  y  Infgx  • 

This  gives  us  the  analogue  of  Pascal's  theorem  for  a  cubic.  This  theorem 
and  analysis  are  due  to  Grassraann. 

47.  In  bi-radial  co-ordinates,  shew  that  Laplace's  equation  is 

/a^       82  3-2        13       1  oV 

\fi/-     ds"  oros      r  dr     s  csj 

whei-e  /•=i(.ra)|,  s=\{xb)\,  6  =  {xaxh\ 

((,  b  being  the  points  of  reference. 
Use  the  theorem  on  p.  77. 

48.  Find  tlie  condition  that  y  is  a  double  point  of  the  curve 

f{^(xa)\,   \{xb)\,  i.vc)\  ...  {.va),  {x^),  (xy)  ...}  =  0, 
and  that  77  is  a  double  tangent  of  the  curve 

/{(l«},  {^b\  (|c-)  ...  (?a),  (1/3),  (|y)  ...;=0. 

49.  Let  ''    '    \  ;     ,'     '      -   lie  two  triandes  and  .<  anv  imint.     Shew  tliat 

«5  P,  yj      a  ,  /3 ,  7  j 

{ma'  sb^'  Jcy)  {sag')  {sb^')  jscy')      _  R  (a,  b,j) 
{m'a  Wfi  ^y)  (sa'a)  (sb'^)  (sc'y)  ^^  ^^ ^  ^''  ^')  ' 

and  ])i'ove  the  recipi'ocal  theorem. 

On  account  of  the  comparative  simplicity  of  the  properties  of  the  circle, 
and  the  testimony  of  Pure  Geometry,  we  are  warranted  to  try  to  include 
the  circle  as  an  element.  This  is  what  is  done  in  Euclid.  There  are  three 
elements,  points,  lines,  circles.  The  inclusion  of  the  circle  is  theoretically 
<|uite  simple  and  would  be  analogous  to  what  we  have  done  in  regard  to  the 
point  and  line.     Let  us  denote  circles  by  Capital  Greek  letters,  r,  A,  etc. 

As  the  radius  of  a  circle  is  intrinsic  to  it,  we  shall  express  it  in  the 
notation.     Tlius  r,  r  are  circles  with  radius  a,  b. 

a     b 

Now  tlie  position  of  a  imint  in  regard  to  a  circle  is  conii)lctely  given  if  we 
know,  say,  the  distance  of  the  point  from  its  centre  or  the  length  of  the 
tangent  from  the  point  to  the  circle.     E.xperience  shews  that  this  latter  is 
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the  most  convenient  to  work  with.     We  shall  denote  therefore  the  length  of 

the  tangent  by 

(ar)  or  (ra). 

r  r 

In  regard  to  the  measure  of  a  line  and  circle  we  choose  the  measure 
of  the  centre  of  circle  and  line,  divided  by  the  radius.  When  the  line  cuts 
the  circle  this  becomes  the  cosine  of  the  angle  between  the  line  and  circle. 
It  is  essential  that  the  circle  be  given  a  sense,  as  in  the  case  of  a  line.  We 
shall  suppose  that  the  radius  of  a  circle  is  positive  when  the  sense  is  counter- 
clockwise and  negative  when  clockwise. 

Our  notation  would  be  (a  r)  or  (r  a). 

r  r 

We  have  (d  r)  =  (a  r)= -(a  r). 

r  r  r 

When  the  line  and  circle  intersect  we  shall  use  (a  r)  to  denote  the  angle 

r 

between  the  line  and  circle. 

Tn  regard  to  the  measure  of  two  circles  of  given  radius,  their  mutual 

position  is  given  by  the  distance  of  their  centres.     We  shall  however  define 

the  measure  of  two  circles  r,  A  by 

a    h 

2ab  (r  A)  =  (c'  r  c'  A)2  -  a2  _  ft2^ 
a  b  a       b 

where  c'  T  denotes  the  centre  of  r. 

a  a 

The  quantity  on  the  right-hand  side  is  usually  called  the  power  of  the  two 
circles. 

When  the  circles  cut  (r  A)  is  the  cosine  of  the  angle  between  the  circles. 

a  b 

The  analogue  of  determinates  of  points  and  lines  is  a  much  more  detailed 
matter. 

For  a  point  and  circle  we  have  ar,  the  pairs  of  tangents  from  a  to  r. 

r  r 

The  determinate  of  a  line  and  circle  Fa  is  the  pair  of  points  of  inter- 
section. 

When  we  come  to  the  consideration  of  two  circles  we  find  we  have  more 
than  one  determinate  which  leads  to  considerable  detail.  We  shall  not  go 
into  this  any  further.  The  inclusion  of  the  circle  as  a  third  element  would 
mean  a  table  of  formulae  over  ten  times  as  large  as  the  table  given.  We  give 
a  few  examples  of  this  theory. 

50.  The  circle  whose  centre  is  o  and  radius  r  we  shall  write  cir  o,  r:  if  a 
be  a  point  on  the  circle,  shew  that  the  intercept  on  Uu,  is 

2rcos  (aom). 

Let  Z,  X  be  a  point  and  line  ;  the  locus  of  a:  such  that  {xl)^  =  2k  {x\)  is 
a  circle.  The  circle  we  shall  write  cir  ^,  X ;  ^•.  If  a  be  a  point  on  the  cir  l,\;k, 
shew  that  the  intercept  on  the  line  Uui  is 

2  \{al)  I  cos  (alto)  —  ik  sin  (wX). 

T,    G.  7 
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51.  .M^Cay^s  Theorem.  If  a,  h  be  two  points  on  cir  ^,  X;  ^,  cir  ^,  X;  ^' 
respectively,  and  such  that  {lalb)=^-^,  shew  that  the  intercepts  on  a6  made 
by  the  two  circles  are  as  k  :  k'. 

We  have  {alf  =  2k{aX)     (i), 

{blf  =  2k'{b\)  (ii), 

{kclb)  =  ~ (iii). 

These  are  the  conditions  of  the  problem. 

Using  the  result  of  Ex.  50  we  are  required  to  shew  that 

2|(a^)icos(a^a6) -2^sin(a6X)  _  k 
2\{bl)\co^{biba) -2k' sin{baX)  ~  ^' ' 

i.e.        -k'  I  (la)  {ab)\  cos  (laab)  -  2kk'  {ab\)  +  k\  (lb)  (ba)\  cos{lbba)  =  0...{A). 
Here  X  only  occurs  as  a  direction.     Hence  from  (i)  and  (ii)  we  get 

k'  (alf-k  {biy-  =  2kk'  (abX). 
This  reduces  the  l.  h.  s.  of  (A)  to 
k'  {{laf  +  {abf  -  {blf]  -  2k'  [alf  +  2k  {UY + k  {{alf  -  {Ibf  -  {baf\  which  is  =  0, 
since  {alf  +  {blf  =  {abf. 

52.  If  a,  b,  r  be  two  points  and  a  circle,  shew  that 

<         {aTf  +  {b rf  +  {abf  -2{b Tf  {abf  -  2  {abf  {a Tf  -2  {a Tf  {b Tf 
sin^  (iSr)  -  ^ '- ^-^^^, '- ^^. 

53.  If  a  be  a  point  on  the  circle  cir  l,k;V,  that  is,  the  circle  {xlf=k^  (^r)^, 

r  T 

shew  that  the  intercept  on  «<„  is 

y— To    I  {al)  I  COS  ( o^o))  -  L/  {aTf  +  r^  sin^  (a^  r)      . 

54.  Hence  prove  M'Cay's  theorem  of  Ex.  51. 

55.  Shew  that 

sini'(a/3)(^r)2=r2  {1  -cos2(a^)-co.s2  (ar)-cos2(;3r) 

r  r 

+  2  cos  (a/3)  cos  {aV)  cos  (/3r)}. 


r  r 


56.     Show  that  2    (/3yS)  sin  (of )  =  (a/Sy)  sin  (Se). 

57       Let   "'    '  '^     ,    '^Z  ^  ^ ,  \  be  two  triangles  :  if  X, ,  ^, ,  v,  be  lines  through 
a,  ^,  y  J        n  ,  /y ,  y  J 

a,  b,  c  making  angle  6  with  a',  ^,  y'  niid  X.j,  m2»  "2  lines  through  a',  b',  c 

making  angle  -  6  with  a,  ^,  y,  then 

(Xi/xii'i)  ^  Ii  {a,  b,  c) 

(X^/xg^g)      It{a',b',c')' 
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If  the  lines  Xi,  /xj ,  i/j  and  therefore  X2,  /U2,  v-i  are  concurrent  for  the  values  0 
and  —  of  6,  shew  that  they  are  concurrent  for  any  value  of  6. 

58.  Directly  similar  figures:  Definition.  Directly  similar  figures  are  such 
that  corresponding  angles  are  equal. 

If  a,  a'  be  two  corresponding  points,  shew  that  a'  may  be  expressed  in  the 
form 

«'  =  «55fl,fr|(oo)l- 
o  is  called  the  pole,  k  the  scale  of  similarity  and  6  the  angle  of  displacement. 

59.  Inversely  similar  figures:  Definition.  Inversely  similar  figures  are 
such  that  corresponding  angles  are  equal  in  magnitude  but  opposite  in  sign. 

If  a,  a'  are  two  corresponding  points,  shew  that  a'  may  be  expressed  as 

o  is  called  the  pole,  Oo,  the  axis  and  k  the  scale  of  transformation. 

60.  Shew  that 

{aahs  b^h^  ^y  «in'  i&-4>)  =  (^«)'  ^in^  0  +  {Ihf  sin2  ^ 

-  2  I  {la)  (lb)  I  sin  ^  sin  (^  cos  {( ^a  76 )  +  (9  -  <^}. 

61.  If  two  triangles  be  inversely  similar,  shew  that  they  are  such  that 
lines  through  the  vertices  of  one  making  a  constant  angle  with  the  sides  of 
the  other,  are  concurrent  :  and  conversely. 

62.  If  two  figures  are  directly  similar ;  and  the  angle  of  displacement  be 
a  right  angle  :  shew  tliat  lines  tlirougli  the  vertices  of  one  parallel  to  the 
sides  of  the  other  are  concurrent. 

^„  •        t  .   ■       1      ^i^i^il       a.2b.,c.2\       tts^sCsl       0\hicA 

63.  li  two  pairs  of  triangles      „  ,        a       \\      %,       f;  [-be 

oiPi-yiJ        aoPiy-i)        os/SsysJ        a4P474J 

inversely  similar  and  have  a  common  axis  of  similitude,  shew  that  if  the 
triangles,  suflix  1  and  4,  are  such  that  lines  through  one  making  an  angle  6 
with  the  sides  of  the  other  are  concurrent,  then  the  triangles,  suflix  2  and  3, 
ai-e  such  that  the  lines  through  the  vertices  of  one  making  an  angle  6  with  the 
sides  of  the  other  are  also  concurrent. 

64.  A  circle  touches  three  consecutive  positions  of  a  moving  circle :  find 
its  centre  and  radius. 

If  the  moving  circle  be  cir  0,  r  and  the  touching  circle  cir  a,p  then 

\{oa)\=  ±{r -  p\ 
and  this  can  be  difierentiated  twice  with  a  fixed  and  p  constant. 
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65.     Find  (^yiog(^a),  r  =  l,  2,  3,  4. 
d  ,      ...     iy^a) 


dU    "'^   '  iicif 

^y  log  (|«)  =  [(p"^  +  5p|)  (^a)3  -  4p'|  (^a)2  (.|a) 


(I) 


-2(p^«)M(^«)H3(v^a)2}]/(|a)*. 

66.  Two  points  a,  b  move  on  two  lines  Ca,  cp  in  such  a  manner  that  \{ab)\ 
is  constant.  Shew  that,  if  q  be  the  intersection  of  ab  with  its  'consecutive 
position,  q  and  the  foot  of  the  perpendicular  from  c  on  ab  are  isotomic  con- 
jugates in  regard  to  a,  b.     [The  Principia.] 

We  have  to  shew  that 

{vaba)  =  {TaTbbab„), 

2 

when  I  (ab)  |  =  constant. 

I  (ab)  I  (rab)  da 


Now  -  {vaba) 


since  (i/a6)  o?a  +  (I'fta)  db  -  0, 


(ra6)  c?a  +  {rba)  db 

\{ab)\  (Tab){vba) 
(rab)  (vba)  —  (rba)  (uab) ' 

(rab)  sin  {rbab^) 

2 


sin  {rarb) 


=  {TaTbbab„) 


2  I  (xs)  (as)  I  -  (as)2  -  {sxy  +  {axy=2pa  ^J^  (xra). 


67.  Shew  that  the  conic  which  has  three-point  contact  with  a  curve  at 
the  point  a  and  has  a  focus  at  s  has  the  equation 

(ras)^ 

{asf 

68.  By  means  of  Ex.  67  or  otherwise  find  an  equation  of  the  locus  of  the 
foci  of  conies  having  four-point  contact  at  a  point  of  a  curve. 

69.  Shew  that 

\{^a){^b)  d^=i  (a|)  {(la)  {^b)  +  {v^a)  {v^ 
-k{i^a)i.ib)  +  {ib){u^a)} 

+  (l+i)p'|-(2  +  i)p"'^  +  (3-l-i)pV^-...} 
+  {(^^a)  +  {vib)}{-h{ai)ip'i-p"'i  +  p^i-...) 

-|p^  +  (l+^)p"^-(2  +  |)p-^+...}, 
where  a  is  an  arbitrary  line. 
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The  infinite  series  occurring  are  supposed  convergent  and  difterentiable. 

Assume        l{^a)md^  =  I,  +  h{^a){^h)  +  h{v^a){v^h) 

+  Is{{^a){u$b)  +  {^b){v^a)} 
+ /4  {(^«)  +  (|6)}  +  A  Ma)  +  ("16)}, 
where  the  /'s  are  intrinsic  functions  of  the  curve  and  differentiate. 

70.     Prove  generally 
jP{{^a),  m  ...  {v^a),  {v^b) ...  sin  (|a),  sin  (|/3) ...  T,  H),  hi^)  ■..}  d$ 
=  P  {{$a),  (|6) . . .  (v|a),  {v$b)...  sin  (|a),  sin  (|^) ...  I,{$),  I,{$) ...}, 
where  P  denotes  a  polynomial,  and  the  /'s  denote  intrinsic  functions. 

7L     In  the  cubic 

{xa^cbxbi  Ci  /3i «!  x)  =  0, 

fuid  where  8,  Sj ;  ca,  c^ai  cut  the  curve  and  shew  that  /3  cuts  the  curve  in 
the  points  where  it  cuts  the  conic  {xchiC]^iai.v)  =  0. 

To  find  where  b  cuts  the  curve,  put  x=  8^,  then  {(ba^cb(b\ci^iaihC)  =  0. 


Hence  ^Sa^c8  =  C8...(i)  or  (8SiCi/3iaCS)  =  0...(ii). 

From(i)  (C8a/3cC8)  =  0, 

.-.   CS  =  ^  or    ^. 


From  (ii)  Cb  =  b\c^^^ah. 

Hence  the  three  points  of  intersection  are 


^8,  cd8,  8SiCii3ia8. 

To  find  where  ca  cuts  the  curve,  put  x=  cd^.      And  we  find  in  a  similar 
maiuier  that  the  points  of  intersection  are 


a,  cab,  ca  b^  Cj  /3i  a^  ca. 


72.  In  the  cubic  {xa  ^cbeO  xl  fi  .^r  a-)  =  0, 

shew  that  a,  I,  r,  Jw;  ad  lie  on  the  curve.     And  find  the  third  points  in 
which  al,  Ir,  fxu-r,  Jia-a  cut  the  curve. 

73.  Notation.     We  shall  denote  by  a^  the  line  parallel  to  a  and  such 
that  the  measure  of  any  point  on  aj^  and  a  is  ^. 

It  is  easy  to  shew  that  {aicb)={ab)  —  k\ 

and  evidently  (aj^)  =  (a/3)      I 
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X    V    z  \ 

74.     Let  a,  b,  c;  a,  /3,  y  be  three  points  and  three  lines.     If  *        I  f  be  a 

5?  '7)  C-" 

triangle  such  that  the  points  are  incident  in  a,  ,S,  y  and  the  lines  in  a,  6,  c : 
shew  how  to  find  {xk)  where  X  is  any  line. 

We  have  {xa)  =  (i//3)  =  (sy)  =  0, 

iyza)  =  (s.rfe)  =  {xyc)  =  0, 
we  are  required  to  find  {x\). 

We  may  put  ^=  X^a,  if  we  suppose  {x\)=k. 
Hence  y  =  .rc/3=Xt  ac^, 


Z  =  xby  =  \iiaby. 


Hence  (X^a c j3  Xj^aby  a)  =  0. 

From  which  it  is  easy  to  shew  that 

(yaXi)  (c6aXi)  (a/3)  +  (acaXj)  {^ybaXk)=0, 
.-.   {(yaX)-^sin  (ya)}  {(c6aX)->&  (c6q)}  (a/3) 

+  {{acaX)  -  k  {oca)]  {{(iyhaX)  -  k  {^yba))  =  0, 
.-.   (yaX)  {cba\)  {^a)  +  {acaX)  (/3y6aX) 

-  k  [(yaX)  (c6a)  (a^)  +  sin  (ya)  {cba\)  (a^) 

+  {aca\)  {^yba)  +  {aca)  (^ybaX)] 

+  ^2  [sin  (ya)  (c6a)  {a&)+{aca)  (/3y6a)J  =  0. 

75.     If  in  Ex.  74 

(/3y  6c)  =  (ya  ca)  =  (a^ab)  =  0, 


shew  that  one  solution   for  x,  y,  z   is  6ca,  t-a^,   a6y   and  find  the   other 
solution. 

Also  consider  the  case  in  which 

(a6c)  =  (ai3y)  =  0. 

76.  If  a  {fagr,hi)  =  b  {f^g^h^)  =  c  (J^gr^hy)  =  {figr,h^), 

shew  that  {f^g-nh^)  satisfies  a  cubic  in  measures  of/,  g,  h,  a,  13,  y  and  a,  b,  c. 

77.  Shew  that  for  a  cubic  curve  if    '    '     >  ,     ,'  „,'    ,\  be  two  triangles 

a,  ^^y)      a  ,  /3  ,  y  J 

such  that  their  vertices  and  the  intersections  of  corresponding  sides  lie  on 
the  cubic,  then 

(a'^'y')  =  I  ia^y')  =  m  («'/3y')  =  n  (a'/3'y), 
and  hence  shew  that  the  cubic  is  not  restricted  by  such  a  condition. 
Hence  .shew  that  the  cubic 

{xaa    xb^    xcy)  =  0 
is  a  general  cubic*. 

*  Due  to  Grassmann. 
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78.  Find  the  equation  of  a  circle,  the  measures  of  which  in  regard  to  the 
three  points  «,  6,  c  are  ^„,  t^,  tc. 

Let  .f,  If  be  points  on  the  circle.     Let  ry  be  the  tangent  at  >/. 
Then  (xt/)^  =  2p  {xti/\  where  p  is  the  radius. 
It  is  easy  to  shew  that 

ti;'={hyf-2p{hry\ 
tc^  =  {cyf-^p{cry). 
If  we  eliminate  ry  we  find  the  equation  of  the  circle. 
Now  from  «,  b,  c,  y,  ry  we  have 

2(T?/a)(6cy)=0, 
•••  ^{ta'-{(i^rs{bcy)=0, 
.-.  {abc)f+2{bcy)ta^  =  0, 
where  t  is  the  measure  of  y  in  regard  to  the  circumcircle  of  a,  b,  c. 

If  we  denote  by  cir  «,  6,  c  the  circumcircle  of  a,  b,  c  the  equation  of  a  circle 
r  may  be  written  in  the  form 

(.^^cir  a,  b,  cf{abc)+   2    {aVf{bcx)=0. 

a,  h,  c 

79.  Find  the  radius  of  a  circle  r  when  (Fa),  (r/3),  (r-y)  are  given. 
We  have  (oa)  =  r  cos  (Fa), 

and  two  other  equations. 

.-.  r2  sin  (jSy)  cos  (Fa)  =  (a/3-y). 


80.     Transform  cir  ^,  X ;  ^  to  the  form  cir  o,  r. 


cir  i, X;  ^  is  equivalent. to  cir  ^a„,  -«,'  s^k^  +  2k{lX). 


8L     If  we  denote  by  ra  TiT^  the  radical  axis  of  the  circles  Tj,  r.2,  shew 


that 


|(racir  Oj,  ?'i  cir  0.2,  r^  x)\  = 


[xoiy-ixo^y-ri^  +  r^^ 


2(0,0,) 

82.     If  a  circle  touch  two  circles,  shew  that  the  perpendicular  from  its 
centre  on  the  radical  axis  of  the  two  circles  is  proportional  to  its  radius. 


Let  the  touching  circle  be  cir  o,  r  and  the  other  circles  be  cir  o, ,  r,  and 

{ooxf  -  (002)^  -  ''1'^  +  ^2^ 


CU"  O2,  To,. 

We  have 


j (ra cir  Oj ,  r,  cir  02,  r, o)\/r  = 


2(oi02)r 


snice 


2{oi02)r 
{r-nr  =  {oo,f,  {r-r,f  =  (oo.2}^ 


*      ^  '  a  constant. 


(01O2) 
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83.  Find  the  condition  for  a  double  point  at  the  point  h  of  the  cnirve 

f{\{xai)\,  |(^a2)|  •••  (■^oi))  {xa^)  ...]  =  Q. 

84.  Find  the  condition  for  a  double  tangent  at  the  line  X  of  the  curve 

85.  Find  the  tangent  and  radius  of  curvature  of  the  curve  given  by 

V'  {|(-^«i)l>   l(-^«2)l  •••  ('^ai)»  (-^02)  •••  t\  =0, 
where  t  is  a  variable  parameter. 

86.  Defining  {aia^axa^a^  . . .  an-iUn)  as 


\{aia2)\  sin  (ajag")  f(«i<^2«i«3)l  sin  (aia2ai«.s«2)  •••  ('^i«2aia3a2  ...  o„_ia„), 

shew  that 

(a,ai)    (aia2)    (oins) ...  (aini,_i)    (Wio^) 

(a2aj)    («2"2)    («2as)-..(a2a«-i)    («2a„) 

0  (agag)     (a303)---(«3an-l)     ("sOn) 


{aia-iOia^a^  ...  n,j_,  a„) 


0 


0 


0     ...(ana„_i)    («„a„) 


87.     Shew  that 

(a^ 02  0^1  as ^2 04  •••  «n-l««-2«n) 

(aia^)   (aia2)  faifts) ...  (aia^_2)       sin  (aia„) 

(0201)   (a2«2)  (02%)  •••  (a2<^)i-2)       sill  (02a,,,) 

0       (asag)  (aaas)  ...  (a3a„_2)       sin  (ago,,) 


0  0  0      ...(a„_ia„_2)  sin(a„_ia„) 

88.     Let    '    '    I  be  a  triangle.    A  circle  cuts  the  sides  a,  /3,  y  in  the  points 
o,  ft  y) 

«!,  rt2;  '^ii  ''2;  '^u  *^2  respectively,  such  that  ^2*^11  cgOj  are  parallel  to  given 
directions.  Shew  that  the  locus  of  the  centre  of  such  circles  is  a  straight 
line. 


0) 


89.     Find  pXu,. 

Wc  have  (px^n)  =  (xa)  -  sin  (wo)  sin  (txco)  ^ 

Hence  differentiating 

ci  v  doc 

-  sin  (o)«)  p^a>=  —sin  {rxa)  ^  +cos  (a)a)  sin  {jxtin)  -j- 


—  sni  (con)  cos  {jX(i))  y-     1  -  nX  -f  ) 

■  a<o  \  aa>/ 

<Px 

—  sin  (wa)  sin  {txo))  -j- ^ 
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^    .     .     .d.v      .    ,     .        ,       .  dx  (  dx\ 

=  —cos  {tXw)  sin  (caa)  -^ Sin  (wa)  COS  {rXa)  ^     \*^  -  P'^  y"  ) 

—  sin  (wa)  sin  (r^<u)  ^-^  . 

Hence  p.r.  =  cos  (r.rco)  |2^-P-^(^^j  J  +  ^"^  (^•^'")  ^2  • 

90.  When  x  has  the  general  displacement,  shew  that 

ox^  =  2  2  cos  (r^a;<a)  -P  -  2  pr  ^  I  -J-      cos  {jrXa,)  +  2  sin  (r,.:rw)  ^-^  . 
J.  ao)      ,.  \  a&)  /  »•  WW" 

91.  pq  is  the  chord  of  a  continuous  curve  cutting  off"  an  arc  of  constant 
length ;  the  tangents  at  p,  q  meet  in  ^,  the  bisector  of  the  lines  ft,  qt  meets  pq 
in  r\  if  r'  be  the  isotomic  conjugate  of  r  in  regard  to  p,  q,  prove  that  r'  is  the 
intersection  of  pq  with  its  consecutive  position. 

92.  If  X  and  3/  be  points  such  that  xy  =  TX,  then 

e£  I  [xy)  \  =  dx—  cos  (rxri/)  dy. 

If  ;Pi ,  .^2  be  the  points  of  contact  of  two  tangents  from  3/  to  a  curve,  then 
d(T  =  dxx  -  dx-i  —  {cos  {tXx ry)  —  cos  {rx-iry)]  dy, 
where  <t  is  the  sum  of  the  lengths  of  the  two  tangents  from  y  to  the  curve. 
Let  us  consider  an  ellipse. 
If  we  suppose  drr  =  dxi  -  dx^,  then 

cos  {tXx  ry)  =  cos  {rx^Ty), 
,-.  {TXxTy)  +  {Tx:iTy)  =  0. 
Now  if  we  use  the  theorem  that  the  tangents  from  a  point  to  an  ellipse  are 
isogonal  conjugates  in  regard  to  the  joins  of  the  point  with  the  foci,  we  have 

iTyysx)-\-{ryys2)  =  0. 
Hence  by  integrating,  the  locus  of  3/  is  a  confocal  ellipse. 
The  integration  of  d(r  =  dxi  —  dx2  is  that  the  sum  of  the  lengths  of  the 
tangents  exceeds  the  length  of  the  intercepted  arc  by  a  constant  quantity. 

This  is  Orave's  Theorem,  viz.,  that  the  sum  of  the  lengths  of  the  tangents 
from  a  point  on  an  ellipse  to  a  confocal  ellipse  exceeds  the  length  of  the 
intercepted  arc  by  a  constant  quantity. 

dH' 

93.  Shew  that  pX^  =  pX- k  -  -j-^^ . 

94.  Shew  that 

dTXpo  ...  06  {fiXpiT  ...Hi) 

=  {dxf  drx  +  drx dx  2  [p  cos  {rxp)  —  pdp  sin  (jxp)] 
p 
—  d?x  2  ^dp  cos  {rxp)  +  dp  sin  {rxp)) 

+  rfr  2  (cos  {rxp)  (2dp  dp  +  pd'^p)  +  sin  (rxp)  {d^p  -  p  {dp)"\ 

+  2{-d''ppdp  +  2  {dpf  dp  +  pd^-pdp  +  p^dpidpY} 

+  2   cos  {pa)  {-{d^p^d(T  +  d^^pdp)  +  {dp  +  d(r)  {2dpda-  +  po-dpd<T) 

+  {pd^pd(T  +  a-d^(rdp)] 
+  2  {{d^d^S--  d^^dS-)  +  2dpd<T  {^dS-  -  adp)+pS-  {dpd^a -  d^pda) 

"'"  '  +{pda{dpT--^dp{d<Tf)}. 


+  2  COS  ( 
p 
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95.  Shew  that 

^  A  •    /     N  /       X  /^     dTx\  dx 

pXp&    .^u)  =  2  p  sin  (po))  +  cos  (txo>)    2  -  -j-  ) -j- 

96.  Shew  .hat  (SA3„o)=<:^£j^\ 

97.  Shew  that 

r  r 

is  a  line,  when  2  Ar=0, 

r 

and  find  (2  ^ ,  {xa^f  +  2  2  5^  {x^^)  +  C=0  d) 

r  r 

when  2.4;.  =  0. 

r 

Subtract  (.vc)"^  2  J^  ft'om  the  equation,  where  c  is  an  arbitrary  point,  and 

r 

we  have 

2  A r  {{xa^f  - {xcf}  +  2  2  Br  (x^r)  +  C=0, 


.-.    -22J^|(a^c)|(a,..Ci—  a')  +  2  2  5r(^^,.)  +  ^=^0, 

r  "'^ir  r 

2 

from  Ex.  96  which  is  a  line. 

Hence  (2  ^ ,.  (.ra,.)^  +  22  Br  (x^r)  +  C=0  d) 

r  T 

-  2  2  .1,.  j  {arC)  I  ( a,. .  Oj  — ^cf)  +  2  2  Br  {d^r)  +  C 

_         *"    _^^_| >[ 

2Q 

2  J^  {darf  +  2  2  B,  (x^r)  +  0 

_r^ r 

2S2 

where         Q'-=2  Aj?{a,jcy^  +  2  B/  +  2  2  .I,  Jg|  (a,.c)  (agC)j  cos  (a^WgC) 

+  2    2    BrB,COS{^r&s) 
t4=s 

+  2  2  ^,..6g  I  (a^c)!  sin  (^g  a^c) 

r,  s 

=  2  J,.2(a^c)^4-2  5,.2  +  2  2  ^^^ig  |(«,c)  (agc)|  cos  (a^cagc) 

r  r+s 

+  2    2    BrB,CO>i{^r^,) 

-2  2  ArBg{arc8,) 

r.s 
=  -  2  Jr.4g  (arag)2  +  2  5^2  +  2  2  ^,.^g  cos  0^/3,) 

-22ArB,{ar^,). 
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Hence  (2  A,.  (xarY  +  2  2  Br  {x^r)  +  C=0  d) 

r  r 

2  Ar  {da^f  +  2  2  5,.  {d^r)  +  C 

r r 

2  \^-  2  ArAg{aragY  +  2B,:^  +  2   2  BrBsCOs{&r^g)-22  ArBg{ar^s)  ' 
/•=(=s  /•=#«  r,  s 

98.  Shew  that,  when  2  .^,.  =  0 

r 

sin  (2  J ,.  {xa^y  +  2  2  B^  (xf^r)  +  C=0  8) 

r  r 

-  2  J,.  {ar8J  +  2  Br  sin  (8/3^) 

=  2        r 

^/-2A,A,(a,.aJ^  +  2B,^  +  2  2  BrB.cos  {^rl^,)-2  2  ArB,{a,^,)' 

r,  s  r  n^.f  r,  s 

99.  Shew  that  the  normal  at  a  point  of  a  Cartesian  oval  passes  through 
the  symmedian  point  of  the  triangle  whose  vertices  are  the  point  and  the  foci. 

100.  Find  the  area  of  a  segment  of  the  curve  whose  curvature  varies  as 
the  cube  of  the  sine  of  the  gradient  of  the  tangent. 

We  have  P^=«  cosec^  (^a), 

Integrating     a  i     ■  2  "i  \<^$=  j  {^af  sin  (rxa)  dx,  x=p^, 

.-.    -  2  seg  pi  -  {p^af  cot  (^a)=  -^  {xaf=  -  ^  {p^af. 

.-.   segp$=—{piaf-^(piaf  cot  (ia). 

101.  Shew  that 

J  {xa)  rf.r = lin  x  (xa)  +  A  sin  (rxa)  +  B  cos  {rxa}, 
where  A,  B  are  intrinsic  functions. 

102.  Shew  that 

/  (xay  dx  =  lin  x  {xaf  +  A  {rxa)  +  B  (vxa)  +  C, 
where  J,  B,  Care  intrinsic  functions. 

103.  Shew  that 

\{xa)  (x^)  dx=\mx  (xa)  (.r/3)  +  (xa)  ^  sin  {txI3)  +  B  cos  {rx^)} 
+  (x^)  {C  sin  (rxa)  +  D  cos  (rxa)] 
+  ii^sin  {jxa)  sin  {TX^)+Fsm  (rXa)  cos  (rx^) 
+  G  cos  {rxa)  sin  {tx^)  +  ZTcos  {rxa)  COS  {tx^), 
where  A  ...  H  are  intrinsic  functions. 

104.  Indicate  the  general  form  of  the  integral  of  a  polynomial  function  of 

{xaf,  {xby^ ...  {xa),  {x^)  .... 

105.  Indicate  the  general  form  of  the  nth  differential  of  a  polynomial 
function  of 

(i)     {xa)%  {xb)K..{xa),  Gr/3)..., 
(ii)     {ia),  (^6)...sin(^a),  sin(^^).... 

106.  Shew  how  to  find  the  family  of  rhumb  lines  of  the  family  of  curves 

(i)    f{\{xa)\,  i(.^6)|,...  (o^a),  (.X-/3)  ...}  =  variable  parameter, 
(ii)     f{{ia),  (|6),  ...  (|a),  (|^),  ...}  =  variable  parameter. 
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To  reduce  cos  (bead). 

We  have 

I  (be)  (ad)  I  cos  ( bead)  =  |  (ad)  \  ( bead„) 

=  I (a^  I  {(bad^)  - (cad„)} 

2  2 

=  I (ad)\  {(ba'^„) - (caad^} 

=  \(ba)  (ad)\  cos,  (ba ad) -\(ca)  (ad)\  cos  (eaad). 
Hence         2  |  (6c)  (ad) \  cos  (bead)  =  (acf  -f- (bd)^ - (abf  -  (cdf. 
To  reduce  sin  (bead). 

\(bc)(ad)\  sin  (Fc ad)  =  (bad) ~  (cad)  =  (dbc) -  (abc). 
To  reduce  (a^y8)2. 

sin2(a/3)8in2(y8)(^^)2 

=  (ayS)2  +  (/3y8)2  -2  (ay8)  OyS)  COS  (a^) 
=  (ya(3)2  +  (Sa/3)2  -  2  (ya/3)  (Sa^)  cos  (yS). 

We  shall  make  another  classification  of  measures. 
Measures  belong  to  one  of  the  following  three  classes  : 
(i)     measures  of  two  points, 

(ii)     measures  of  a  point  and  a  line, 

(iii)     measures  of  two  lines. 
We  shall  refer  to  them  as  the  first,  second  and  third  classes  respectively. 

We  have  seen  that  the  square  of  any  measure  of  the  first  class  formed 
from  four  elements,  any  measure  of  the  second  class  formed  from  four 
elements,  the  sine  and  cosine  of  any  measure  of  the  third  class  formed  from 
four  elements  is  reducible  to  the  quotient  of  two  polynomials  in  the  moduli  of 
measures  of  two  points,  in  the  measures  of  a  point  and  a  line,  in  measures  of 
three  points,  in  measures  of  three  lines,  in  sines  and  cosines  of  measures 
of  two  lines,  in  cosines  of  measures  of  two  points  and  a  line. 

Hence  the  same  is  true  for  measures  of  five  elements :  and  so  on. 
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We  have  then  that  the  square  of  any  measure  of  the  first  class,  any 
measure  of  the  second  class,  the  sine  and  cosine  of  any  measure  of  the  third 
class  is  reducible  to  the  quotient  of  two  polynomials  in 

(1)  moduli  of  measures  of  two  points,  Ex.  |  {ah)  |, 

(2)  measures  of  a  point  and  a  line,  Ex.  (a^S), 

(3)  sines  of  measures  of  tw(i  lines,  Ex.  sin  (a/S), 

(4)  cosines  of  measures  of  two  lines,  Ex.  cos  (a/iJ), 

(5)  measures  of  three  points,  Ex.  {ahc), 

(6)  measures  of  three  lines,  Ex.  (a/3y), 

(7)  cosines  of  measures  of  two  points  and  a  line,  Ex.  cos  (aby)*. 

It  is  often  advisable  so  to  reduce  any  measure,  and  afterwards  reduce 
cases  (5),  (7)  in  surd  form,  and  (6)  by  the  use  of  a  point. 

An  alternative  manner  of  reducing  cases  (5),  (7)  without  radicals  by 
multiplying  by  the  sine  of  two  simple  lines  is  given  in  the  Appendix. 

*  When  7  is  a  direction,  both  sin  («67)  and  cos(ai;7)  may  be  taken  as 
irreducible. 
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Reduction  of  Products  of  Measures 


We  give  four  examples  of  reductions  of  products  of  measures 
which  possess  the  property  of  being  reducible  without  radicals, 
notwithstanding  that  the  reduction  of  one  or  moie  of  the  com- 
ponent measures  contains  a  radical.  This  is  due  to  the  elimin- 
ants  existing  between  the  elements. 

The  examples  are 

(1)  (abc)  sin  (a/B), 

(2)  (abc)  cos  (^^)\{xy)\, 

(3)  i  (xy)  I  cos  (xJ/  0  sin  (X/x), 

(4)  (abc)  (a^y). 

(1)  Though  the  reduction  of  (abc)  contains  the  radical,  the 
product  (a6c)  sin  (a^)  is  expressible  without  radicals. 

The  reduction  ma}^  be  effected  as  follows : 

We  have 

(a^bc)  =  (aa)  sin  (/36c)  +  (aa)  sin  (bca)  +  (a6c)  sin  (a/9), 

.-.  (abc)  sin  (a/3)  =  (a^bc)  +  (aa)  (bc^)  -  (a^)  (bcoi) 

(aa)     (a/3)     1 

(ba)     (6/3)     1 

(ca)     (c/3)     1 

(2)  Here  the  reductions  of  both  the  component  measures 
contain  radicals.     The  product  may  be  reduced  as  follows  : 

(abc)(ios(xyl;)\(xy)\ 

=  (abc)sm  (!^^n)[(-ri/)\ 


(aO 

(axi/„)     1 

2 

(xy)    by  (1) 

(bn 

{bxy„)     1 

(cO 

(cxt/„)      1 
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=  2  (a^)  \(bc)  {ccy)\  cos,  (hcxy) 

=  IS  (aO  [{^yr  +  {oxf  -  {hyf  -  {cxf] 

(an     {ayr-{ax)'     1 

(60     {hyy-{hx)^     1 

(c^)      {cyr-icxf      1 

(3)  Though  the  reduction  of  cos(xyi^)  involves  radicals, 
cos  (xy  ^)  sin  (X/i)  may  be  reduced  without  radicals. 

From  the  four  lines  X,  fi,  xy,  ^  we  have 

sin  (fjixy)  cos  (X^)  +  sin  (^X)  cos  (fi^)  +  cos  (xy^)  sin  (Xyu,)  =  0, 
.-.  \{xy)\  cos  (^0  sin  (X/i)  =  {(^/i)  -  (yf^)}  cos  (X^) 

-  K^^)  -  (y>^)l  cos  (/it). 

(4-)  The  product  {abc)(a/3y)  may  be  reduced  without  radicals 
as  follows : 

(abc){aM=  2  sin{al3){c^y){abc) 

=  S  sin(a;8)  S  -(0)8  6c)  (ay) 

a,  P,  y  a,  b,  <■ 

=  2  (a7)(a^6c) 

a>  /3,  Y 

=  2  (a7)|(a6)(y8c)-(ac)(/36)|. 

a,  b,  c 

Hence  {abc)  (ci^y)  =     (aa)     (oyS)     (ay) 

(6a)     (6/3)     (67) 
(ca)      (c/3)      (C7) 

Referring  to  the  result  on  p.  109  and  using  (1)  and  (3),  it  is 
easy  to  see  that  the  square  of  any  measure  of  the  tirst  class,  any 
measure  of  the  second  class,  the  sine  and  cosine  of  any  measure  of 
the  third  class  is  reducible  to  the  quotient  of  two  polynomials  in 

(1)  the  moduli  of  measures  of  two  points, 

(2)  measures  of  a  point  and  a  lir\e, 

(3)  sines  of  measures  of  two  lines, 

(4)  cosines  of  measures  of  two  lines. 
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Examples: 

1.  Shew  that  siu  {bead)  is  reducible  rationally  by  multiplying  by  sin  (X/x). 

2.  Reduce  {ahyd)^  by  means  of  the  reduction  of  (a^c)^. 

We  have         {abyd)2  =  {abf  (^bydf 

=  {abf  {( obdY  +  iyd)"^  -  2  {yd)  { abd)  cos  (aby)} 
={abdf  +  {abf  (yd)^ -  2  {yd)  \ {ab)  \{abd)  cos  {aby) 
=  {abd)^  +  {ah)'^{ydf 


-{yd) 


{ay)  {abf  1 

{by)  -{abf  1 

{dy)     {dbf~{daf    1 


from  (2). 


By  using  the  eliminant  of  three  points  and  a  line  we  get  our  former 
reduction. 


TABLE   OF   FOKMULAE 

FINITE   GEOMETRY 
CHAPTEK    1. 

iba)=-iab) (1). 

Oa)  =  («^) '. (2). 

(0a)=-(«/3) (3). 

(«3)=-(a/3)     (4). 

(a^)  =  (a/3)+7r (5). 

ba  =  ab   (6). 

^  =  «^  (7). 

^=a^  (8). 

•|(«/^)|=--|(«7^«)|    '. ...(9). 

(ag0)  =  (a/3)-^    (10). 

sin  (^a)=- sin  (a/3)    (11). 

sin(ai3)=  -sin(o^)    (12). 

cos(aiS)  =  sin(a/3J (13). 

cos  (/3a)  =  cos  (a^)     (14). 

COs(a^)=  -cos(a/3)    (15). 

si"|  =  l  (16). 

aby  =a  if  (((y)  =  0 (17). 

a^c=a  or  a  if  (ac)  =  0    (18). 

{abc)  =  \{ab)\{abc) (19). 

4  («6c)2= 2  (m)2  (a&)2+2  {abf  (bcf  f  2  {bcf  {caf  -  (6r)^  -  {caf  -  {ab)K . .(20). 

{abc)  =  {bca)  =  (cab)=  -(acb)= -(cba)=  -(acb) (21). 

(aby)  =  \(ab)\  sin  (aby)  (22). 

(aby)  =  (ay) -(by)   (23). 

T.  G.  8 
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(ai3c}  =  sin(ai3)|(^c)|  (24). 

{a^cf  =  (^cf  sin2  (a^)  =  {acf  +  Oc)^  -  2  {ac)  (/3c;)  cos  (a^)   (25). 

(a/3y)  =  sin(a^)(^y)     (26). 

(a/37)  =  sm  (/3y)  (c/a) +  sin  (ya)  (^/3)  +  sin  (a/3)  {dy) (27). 

(a/3y)  =  (/3ya)  =  (ya/3)  =  -  (^ay)  =  -  (y|3n)  =  -  («y/3)   (28). 

2|(a6)(c(/)icos(a6c5)  =  (arf)2  +  (6c)'-(nc)2-(&(^)-^ (29). 

\{ah)  {cd)\8\n  (abcd)  =  {_acd)  -  {bcd)  =  {dah)  -  {cab)   (30). 

(abyd)  =  \ (ab) \sin{aby)\  {abyd)\ (.31 ). 

{abydf  =  {bd)-'{ayf  +  {adf  {byf-^{ay)  {by)  {(a6)2-  {ad)''  -  {bdf]    ...(32). 

(a6yS)=|(a6)|sin(yS)(a6^)   (33). 

(a6yS)  =  (ay)(6S)-(aS)(6y)   (.34). 

{al3cd)  =  {a^c){'^cd)    (35). 

{a^cd)={cda^)  (36). 

(a/3c)  sin  (^cS)  =  rac)  sin  OS) -(/360«in(aS)  (37). 

(aiSc)  cos  (^cS)  =  (ac)  cos  (/3S)- (/3c)  cos  (aS)  (38). 

sin-  (n/3)  siU'^  (yS)  {'^'^f  =  {a^yY  +  {alib)-  -  2  (a/3y)  (a/3S)  COS  (yS) 

=  (y8a)--^  +  (yS^)--^-2  (ySa)  (yS/3)  COS  (a/3)  ...(39). 
If  a,  Z>,  c  be  three  points  on  a  line,  then 

(6c)  +  (ca)4-(«6)  =  0 (40). 

If  a,  b,  c,  d  be  four  points  on  a  line,  and  ab  =  cd,  then  {ah)/{cd)  is  positive 

(41). 

(^y)  +  {ya)  +  {a^)  =  2mTr,  ni  an  integer (42). 

sin  (^  +  0)  =  sin  6  cos  0+sin  0  cos  ^  ) 

COS  ((9  +  0)  =  COS  ^  cos  <^- sin  (9  sin  ^  J     ^     ^' 

0  1111 

1  0       {ab)-     {ac)-     {ady  ' 

1       {baf        0       (6c)2     (&(/)2    =0 (44). 

1       (m)2      (c6)--^        0       (cc^)2  I 
1       {daf     {dbf     {dcf        0 

(aS)2  (6c)2  +  (6S)'^  (ca)2  +  {cbf  {ahf 

-2  |(ca)(a6)|  cos  (caa6)  {hb)  {cb)  -  2  |(«&)(6c)  ]  cos  (^6c)  {cb)  {ab) 

-2  |(6c)  (ca)|  cos  {bccd)  {ab)  {bb)  ==  {ahcj^ (45). 

(a6)2  sin2  (yS)  =  {(6y)  -  (ay)}H{(6S)  -  {ab)}'' 

-  2  {{by)  -  {ay)}  {{bb)  -  {ab)'i  cos  {yb) (46). 


CHAPTER   II. 

(«p<r...u>ft)'^=(«6)2-2|(a6)|2pcos(aftp)  +  2p-  +  2  2p(5-cos(/3fr)  ...(47). 

(ap<7...ui/3)  =  (a/3)-2psin(p/3)  (48). 

(«p*...*ai&)=  -(a6co)  +  2psin  (/jw)    (49). 

(«pa...*„/3)  =  (a)/3)    (50). 
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CHAPTER   III. 

8in(2a,.(.rn,.)  +  «  =  0  (B)= .  ^  "^'  = (51). 

m  I V  2 Ur^  +  2  2  a,,  a^  cos  {a,.ag)  \ 

,^        r        X   ■  r.    r^\  2  «,.  COS  (a,,/3)  ,^_, 

cos  (2a,.(.ra,.)  +  '^'  =  n  ^)  = ^  '    '         (52). 

m  I V  2  a,.^  +  2  2  a^a^  cos  (aj-Og)  1 

/^       /       N            /^   ;\                     2a^(6a,.)+a  ,,„. 

(2a,.(.ra,.)  +  «  =  0  ^))= '^  ^     '^  — (53). 

»i  I V  2  ciy^  +  22  a,.  CTs  cos  (a,. a^)  | 
We  suppose  2fl,.  (.rfi,.)  +  rt  =  0  to  have  a  specified  sense,  and  m  is  +1  or  -  1. 
(2  A ,  (ia,)  +  2  B,  cos  (^^,)  =  0  cf  (2  J,)^ 

=  2  ^-Ij-^  (a,.rf  +  2  2  ^,.yJ.,|  (cr,.c)(asC)|  cos  (d^a^) 

r4=.s 

+  22  .1 ,.  B,  (m,/3s)  +  2  A-^  +  22  B,B,  cos  (^,/3,,) (54). 

(2  A ,  ila,)  +  2  B,  cos  (^/3,)  =0  y)  (2 ^ ,)  =  2  J,  (ya,)  +  2  ^,  cos  (y/3,). . .(55). 
When  2yl,.=0, 

tan  (2  J ,.  (^a,.)  +  2  B,.  cos  (|/3,.J  =  0  y) 

^  2J,.  (a,y)  +  2  B,  cos  (/3,.y) 

2.4,,(a,yJ-2  5,,sin(/3,y)  ^'"'^• 


DIFFERENTIAL   GEOMETRY 
CHAPTER   IV. 

d  I  (.vi/)  I  =  —  cos  '\TXxy)  dx  —  cos  {ryyx)  dy (57). 

\{^y)r^\{^y)\-' ^''^- 

d  {xr])  =  —  sin  (r.t'r/)  rf.r  +  (.^■»/7;)  dr] (59). 

d{^r^)  =  dr^~di  (60). 

CHAPTER    V. 

[xyfdxy  =  {yTx)  dx-\-{xTy)  dy   (01). 

sin*  {^y))  {dfl  f  =  {pklf  id$y  +  {pri^f  {dr,y  +  2  (p^r,)  (pr,^)  cos  {^r,)  d^dr,... (62). 
From  Chapter  VITI 

(xy)^  {pxya)  dxy  =  irxy)  {ya)  dx  +  {ryx)  {xa)  dy    (63). 

^mH^r,){r^a)d'f,={p^rj){r,a)d^  +  {pr,i){^a)drj (64). 

CHAPTER    VI. 

{dx^& ...^y={dxf  +  ^  (d^y  +  ^p^dp'^ 

+  2dx2  dp  cos  (rxp)  -  2dx  2  p  dp  sin  (rxp) 

+  2  rfp2+  2 pVp2 -22{dpa-da- dapdp)  sin  {pa) 

+  2  2  {dp  da- +  pa- dp  d<r)  cos  (pa-) (65). 

di'pa  ...  4>u,  =  da>  (66). 
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CHAPTER    VII. 


d  {2ar(xa,.)  +  a  =  0]  =  {2  {a,.da,-a,da,)Hm{a,a,)  +  ^a,?  da,. 

+  2  a^-a,  cos  (a,.as)  {da,  +  das)}  "^  {2o,-^  +  22  a^ag  cos  {a,.ag)}  (67; 

r=t=s 

Hence  {da)^.{2Arf 


=  2(c/Jr)^{2Jft2(a^a^)2  +  2  2  J^^  JKa^)  (a.at)!  cos  (a,.afta^afc) 
r  h  h+k 

+  2  2  AhBk{aka,^,,)  +  2Bk^  +  2  2  5^)5^  cos  OftM 

+  2  dArdA,  {  -  {a,a,f  (2^  ^f  +  2  Aj?  {a,.a„f 

+  ^  AkAk\ {ay an)  («,.ait)|  cos  {ar-a^a^M^) 

+  2  2  /l,,7?t.(r/,,,a,ft)  +  2  2^,,^  +  4  2  Bi,B^cos{^,M 

h,k  h  li+k 

+  2  ^  ft2  («r  «a)^  +  2  .1 7,  .1  fr  I  {a,  %)  (a,  %) !  cos  ( a, «,,  <i,  n^ ) 

+  2  2AhBk{auaM} 

h,k 
+  2  2  /I  ft  .  2  c/J ,, 7l,,o?a,  {2  .1  /,  (*'/, ^/,.i'^',,)  -  2  Bj,  sin  O,.  va^j] 
h  r,s  h  h 

-  2  2  Jft .  2  dA^xlBs  {2  ylft  (t/ftrt,^,0  +  2  B^  cos  (/:}ft/3s)} 

-  2  2  Jft .  2  dA,B,d^,  {2  Jft  (a,/<8v/3s) - 2  5,, sin  0,,/3,,)} 

/(  r, .«  /'  ^>' 

+  (2  J  a)2  [2  ((^5,)^  +  2  ^r^  (^ft-)''^  +  2  2  J,. .4s  cos  (r«,ra,)  (/a^^a^ 

/(  r  r  »*+s 

+  2  2  dBrdB.cos  0,^s)  +  2  2  BrB.d^^.GOii  (/3^^,) 

-2  2  .-l^t^rtrt^j^s^iii  (t^'z/S*)  -  2  ^,.c?«,.5gC?/3^cos  (n^./^s) 

r,  s                                                r,  s 
-2  2dBrB,dl3,sm(^,(i,)]    

r,  s 


(68). 


CHAPTER   VJTI. 


,^„)=.1^(^ (69). 


{vxa) 


dx 


(jxa)  =  {m)--^ 
d  {xa) 


sin  (r.^'(i)  = 


dx 


d{xa) 
cos  ( v.Va)  = ,  — 


(>>^«)-  =  (^«)-  + 


(/3|a)  =  sin  (o|; 


rc[(|«)T 

_    d^    J      ■■■ 

_     d^     ]a^ai 


.(70). 

.(Tl). 
.(72). 
.(73). 

.(74). 


sin  {afi)    d 


d^ 


(via)  =  (!«)- 2 


.(75). 
.(76). 
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CHAPTER   IX. 

If  the  displacement  of  x  be 

TiX,  8iX;  To-T,  82A';  ...r,i.r,  8nX, 
then  {dxy  =  '2dr-v^  +  2'2drxdsX cos  {rrXTgX) (77). 

drx  {d.rY  =  'SdrX^dTrX+2drXdgX{dTrX  +  dTgX)  cos  (r,..rTg.r) 

+  2  {d^.xd^x  —  dgXdj.x^)  sin  (r,.,i'r,.i.) (78). 

{yxa)  dx  =  '2drX  ( J.v,.a;a) (79). 

{rxa)  dx  =  2 d^x  {Xj^ xo) (80). 

PLANE   CURVES 

CHAPTER   X. 

frx—x   (81). 

vTX  =  vx (82). 

(i;2^a)  =  — -(r.m) (83). 

,           .       ,      .      COS  (TXa)  ,_  , , 

{pvxa)  =  {xa)  + ^    (84). 

^1  =  ^   (85). 

vp^  =  v^ (86). 

{.^a)=p^-{$a)  (87). 

{pu^a)  =  {pia)  +  cm{ia),,i   (88). 

CHAPTER   XI. 

^^(•^'«)''  =  (>'-««) (89)- 

^(0  (•-«)- l-(r^«)K  ^^^)- 

l{^,y  (■'>•'')'=  -(P-'f^n^-'>^cf)-p'-Hr-'^'>) (91)- 

I  (^)*(-^'«)'=  -(H'  +  {(P-*')'-/'"-''  (r.'-a)^-3pxp'x{vxa)    (92). 

I  {dxf  ^•''■"^'=  "  ^^•'''^'''  +  '^''■'')*  ~  '^''■''P"''  ~  ^  ^^'■'')'^  ^"■'^''^ 

+  {6  (p.r)2  p'x  -  p"'.r}  [rxa)  (93). 

And  generally,  -  \-^A    {xaf  =  A  „  (rxa)  +  B„  {vxa)  +  C,, , 

where  A,  B,  C  are  polynomials  of  px,  p'x,  p"x  ...,  and 

^n  +  l  =  'An'-B„pX, 
Sn+l  =  Bn'  +  AnpX, 

^n  1-  1  =  Gn  +  B,i . 

d  .,     ^,     (vxa) 
c^l(^«)l  =  |(W|    (94)- 
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1  —  px  {txo)       {yxaf 


dx)   ^^''"'''  \{xa)\  |(^a)|3 

3px  (rxa)  (vxa)     3  {vxaf 


.(95). 


{pxf  3 


+ 


\{xa)\ 


.(90). 


fd\\.     .,      (p.t^)2  3      ^.       ,f        p"x 


(.m)|      |(.^a)P 

] 
,3(p.r)2 


•^   _l_  (p.^ 


,       .  'ipxp'x     , 
-  {vxa)        ^     +  (r.i-a)  (i/.m) , ,      , ,  „ 
\{xa)\      ^       '^       '  \{xa)\^ 


<opx  "1 

xa)\  '  \{xa)\      \{xa)f} 
ip'x 


—  {Txa) 


+  {vxa) 


J4Jp^)2 


18    \ 


—  {rxa)  {vxa) 


|(.m)|3  '  ^'"^'^'    {\{xa)f      \{xn)\^) 
2  \Spx       \b{yxa)* 


d  (xa) 
dx 


\{xa)\' 


{xa)\-' 


=  —sin  (rxn). 


G 


(97). 
(98). 
(99). 


ydx)   (■''")  =  P'- cos  (r.ra)     

I  J-  )   (.*'o)  =  //.?•  COS  (r.r«)+(p.r)- sin  (r.r-„)    (100). 

/  dY 

I  J-  \   (xa)  =  {p"x  -  {pxf}  cos  {r.ra)  +  ZpXp'x  sin  (rXa)    (1 0^  )• 

/  d\^ 

(  ~r, I    ^'^'"^  ^  '^  ^'^'^^^  P'^  ~ P"^^>  ^°^  {rXa) 

+  sin  (r.ra)  {4pA-p"./-  +  3  (p'.'')"-  (p>^)'}      (102). 

And  generally,      (     -  j    (.m)  =  i4„  sin  (rxa)  +  B,,  cos  {rXn), 

where  A,  B  are  polynomials  in  px,  p'x,  p"x  ...  and 

-1 «  +  1  =  ^  n'  +  SnpX,    B„  +  1  =  B,i   -  .I  „p.»?. 

^|)     (^«)  =  P<2"-2)^-/><-"-*)l+. ..+(-)"-' P^+(-)"(^0    -(^03). 


.(105). 
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(air)sin  («0)  =  j  (aa)  (a/5)  1 
{ba)  {bl3)  1 
(ca)      (C0)      1 

I  (a6)|  cos  (^y)  sin  (Xp)  =  {(«p)  -  (V)}  cos  (Xy)  -  {(aX)  -  (/A)}  cos  (py)...(106). 


2  (ahc) cos  {x2/C)\{^)\  = 


{abc){a^y)  = 


K)     {ayf-{a.r^'     1   | (107). 

iH)     {hyf-{hxf     1   I 

«)    {cyf-{cxf     1  I 

(aa)     (a^)     (ay)       (108). 

(6a)      {h&)      {hy) 
(Cn)      (C^)      (cy) 


INDEX 

Algebraic  curve,  method  of  finding  the  polars  of  a  point  83,  poles  of  a  line  84 

Analysis,  method  of  5,  35 

Anharmonic  ratio,  of  a  pencil  of  lines  89,  of  a  pair  of  points  and  a  pair  of  lines  89, 

of  a  range  of  points  89 
Area  of  a  triangle  10 
Axioms  8,  9,  10,  13,  39 

Bertrand  83 

Cartesian  oval  107 

Casey  19 

Cayley  82 

Circle,  as  a  third  element  96,  97,  98,  103 

Circles,  radical  axis  of  two  103 

Conic  of  closest  contact  79,  80 

Cosine  function  11,  addition  formula  for  12 

Determinate  3,  general  method  of  differentiation  of  43,  notation  of  3,  quadratic 
form  of  differentiation  of  43,  rule  for  differentiation  of  determinates  of 
simple  elements  59 

Differentiation  of  \{xa)\  39,  (xa)  40,  (^a)  40,  (^a)  41,  {xijz)  41,   (xy^)  41,  (i'r/^)  42, 

(|7?f)43,  (,m?^)43,   (^i3)43^ 

of  xi/  43,   ^7)  44,    ^7/2:  44,    xr)^'  44 
of  ,i-,,      ,  46,  x..      .•     46 

p<T  ...111  '         p(T  . . .  <piu 


of    (.(•,.         .Ijf-kl,    X..         ,7J    il 
^    fXT  ...u}'' '  '       pa  ...111'' 

of  ^a,.(xa;)  +  a  =  0  50,  SJ^  (|a,.)  +  Zi',.  t:os  (^^,.)  =  0  51 


2(1^  (xa^)  +  a  =  0  /3  52,   2^^  (f«r)  +  ^^r  cos  (1/3^)  =0 c  53 
Directly  similar  figures  99 
Displacement  of  a  line  39 
Displacement  of  a  point  39,  generalized  —  63 

Elements  3,  derived  —  4 
Eliminants  18,  19,  20 

Evaluation  of  (rxa),  (vxa)  54;  (r.ra),  (vxa)  55;   (^J^a)-,  (c^'fl)  54;   (p^a),  (f^a)  55 
of^T.r,  iT.r,  v'^x,pvx  65,  66;  rp^,  vp^,  v-^,pv^,  66,  67;  v^%  pv'^iE,  67;  v"x,  pv"x,  68 

Foot  of  perpendicular  from  a  point  on  a  line  24 

Geometry  of  three  points  10,  of  two  points  and  a  line  9,  of  two  lines  and  a  point 
16y  of  three  lines  11,  of  four  points  19,  of  three  points  and  a  line  17,  19;  of 
two  points  and  two  lines  11,  18,  19;  of  three  lines  and  a  point  13,  18  ;  of  four 
lines  108 

Grassmann  92,  102 

Grave  105 


120  INDEX 

Incident  3 

Integration  73,  general  results  in  101,  107 

Inversely  similar  figures  99 

Laplace's  equation  77 

Length  of  a  curve  74,  79 

Line,  notation  of  3,  vectorially  derived  —  1,  equationally  derived  —  4 

MacCuUagh  81 
M'Cay  98 

Measure  3,  notation  of  3,  differentiation  39,  linearity  of  differential  41,  successive 
differentiation  of  —  69 

Pascal  92 

Point,  notation  of  3,  vectorially  derived  —  4,  equationally  derived  —  4 

Principia,  The  100 

Radius  of  curvature  63,  65;  in  bi-radial  co-ordinates  78 
Reciprocation  85,  91 

Reduction  of  {abc)  15,  ^'"  (^y)  9,  (afic)-  16,   (aliy)  13,  ""N^^od)  108,  (^yd)-   17, 

COS  COo 

(^5)  11,  (ydab)  18,  ^^°(^c-5)  18,  (^t^)-  108 


(a..      .bf24,   (a..      .3)25,  {a..     ^   b)  2?,,  {a         .,(3)26 
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^^"  (:S<f,  (./a,)  +  «  =  0 iS)  29,   (Sa,.  (xa,)  +  a  =  0  6)  30 
cos 

(SJ ,  (trt,)  +  SLV  cos  (liS^)  =  0  (•)-  31,  (S^,.  (^a^)  +  ^B,  cos  (^/3,)  =  0  7)  31 
^^"  (2;.lr  (^«<)  +  2£r  cos  (^i3,)  =  0  7)  when  2^1,  =  0  32 
(S^,(.r«,.)''^  +  2S£^(.T|3r)  +  C  =  0(/)  when  ZA,  =  0  107 

^''^  (S^^(.r«,)-  +  2SiB,  (ccft.)  +  <^  =  05)  when  S^,  =  0  106 
cos 

of  products  of  measures  110 

Roulettes  86 

Segment  of  a  curve  74,  75,  77,  107 

Sine  function,  definition  of  7,  addition  formula  for  12 

Smith's  Prize  81 

Standard  measure,  of  three  points  10,  of  two  points  and  a  line  9,  of  two  lines  and 
a  point  16,  of  three  lines  11,  of  three  points  and  a  line  15,  of  two  points  and 
two  lines  10,  18,  of  three  lines  and  a  point  18,  general  standard  measures  104 

Triangles,  homological  pair  of  —  22,  92 ;  self- conjugate  pair  for  a  conic  91 

Vectors  4,  notation  of  4 

Whitehead  3,  92 
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